Fall 2002 Math 151 Common Exam 2A Solutions Wed, 06/Nov/2002

1-c We havey’ = 2 + secxtanx = 2 atx = 0.
2-d Via the power rule and chain rules, we h&véx) = 2 cosx(— sinx) = —2 cosx sinx.
3-c We havef’/(x) = —e X = -1 atx =0.
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4-b By continuity, direct substitution yields lim—— = =0.
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5-b Asx — oo, we have— — 0, whence lim cos(—) = cos0=1.
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6-a Regardingy = y(x) as a function ok, differentiatey ® — x< = 1 — 2y with respect tox. This yields ¥ dx 2X = —2&
dy dy 2X
or (3y? + 2)—= = 2x. Therefore—2 = ———.
(y+)dx X dx 3y242
7-b We have velocity = s’ = 6t2 — 18t and acceleratioa = v/ = s” = 12t — 18. Hence acceleration .2 18 = 0 when
t =3/2.
8-c Withx(t) = t3 andy(t) = sin(xrt), we havet = 1 when(x, y) = (1, 0). Accordingly, the slope of the tangent line to the
curve whert = 1is
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9-e Rewritef as f(x) = (1+x2)1/2. Then f/(x) = %(1+x2)71/2 . 2x, whencef’(0) = 0. Therefore, the tangent-line
(linear) approximationtd (x) atx =0isy = f(0) + f'(0)(x -0 =1+0- (x—0 =1ory = 1.
10-d The functionf (x) = x2, D = [—1, 1] is not one-to-one since, for examplé(—1) = f (1) = 1.
11-a At timet, lety be the distance from the ant to the oright0, 0) andz be the distance from the ant to the poil, 0). By
. . . . d d
the Pythagorean Theorem, we hafe= y? + 12. Differentiating with respect togives Zd—f = 2yd—)t/, whence fory = 3:
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12-e GivenH (x) = f(x/2), repeated application of the chain rule givds(x) = éf (x/2), H"(xX) = ?f (X/2), and in
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generalH ™ (x) = o f ™ (x/2). ThereforeH 19 (0) = o1 f190) = 18 = 214

13. Regarding = y(x) as a function ok, differentiatex ® — x2y? + 3y — 1 = 0 with respect tcx.

d d d dy 2xy?—3x?
() Thisyields %% — <x2 : 2yd—z +y2. 2x) + 3d—3(/ = 0, whence3 — 2x2y)d—3(/ = 2xy? — 3x2. Therefore,d—i(/ - ?/_72)(2;
d -2-3
(i) At (x,y) = (-1, 1), the slope of the tangent line s = d—z(/ =35 = —5. Via the point-slope formula, an equation of

the tangentlineiy — 1= —5(Xx + 1) ory = —5x — 4.



14. Rewriter asr(t) = <et2+t, a- 3t)1/2>-

3
i) Thenr’(t) = (12t + 1), (1 — 31)~2/2(—3)), which you ma: writea{Zt 1et2+t,—7>.
() () = (&2t + 1, §2 - 3)~Y2(=3)), which you may @+ i

(i) Hence whert = 0, a tangent vector ig=r’(0) = (1, —%)

(iif) A point on the tangent line to the cur@ corresponding tdé = 0 is P=r(0) = (11). Accordingly, a vector equation of
this tangent line is

Lu=P+uv=(11) +u<1, —%> orL(u) = <u+1, 1- %u>
15. A 6-foot tall woman walks at 5 f& in a straight path away from a street light atop a 20-foot tall pole.

(i) Attimet, letx be the distance from the pole to the woman atige length of the woman’s shadow.
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ii) Via similar triangles, we have th = = —, whence 26 = 6s + 6x. Thus 14 = 6x ors = 5x. Accordingly,
(i) | ad Sg 15 base  s+x s + ! gy
S X ) . .
W Td x 5= - ft/s (approximately 24 ft/s) is the rate at which her shadow lengthens.

16. Letf be a differentiable function.

(i) With S(x) = 2ef™® — f(e*), the chain rule give§'(x) = 2ef® f/(x) — f/(e¥)e*.
(i) With U(x) = f (xsinx), the chain and product rules gil'(x) = f’(x sinx) - (x cosx + sinx).

17. LetF and G be differentiable functions whose tangent-line (linear) approximationsat2 arey = L 1(x) = 1+ 2x and
y = La(X) = 2 — 3x, respectively.

(i) The tangent-line approximation to a curve at a point has the same function value and derivative value as the curve at sa
point. Therefore

F2 = Li(2=5
FF@ = Li@=2
G2 = Lx2=-4
G2 = Lhy2=-3
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(i) Let H = G ThenH' = — ez HenceH'(2) = G2 = (22 =16 We also

_F@ _ 5 _ 5 . i . _F o
haveH (2) = 62 - 4~ @ Accordingly, the tangent-line approximationltb = G atx =2is
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y=L(x) = H(2)+H/(2)(x—2)=—z+l—6(x—2)

Thatis,y = —2 + (x —2) ory = £ex — 3.



