Fall 2004 Math 151
Exam 2A: Solutions
Mon, 01/Nov ©2004, Art Belmonte

1 .
1. (c) Asx — oo, we see that 3* = - — Osince the

numerator is fixed and the denominator increases withou
bound.

2. (d) The natural logarithm is defined for all positive real
arguments; i.e., fox| > 0 orx # 0.

3. (e) Isolatex step by step.

log, (2x+3) = 3
2x+3 = 2°=8
2x =5
X = 5/2

4. (a) Therange of ~1is the domain off . Since we are giver
f(X) = v/1— X, we require - x > 0or 1> x. This is the
interval (—oo, 1].

5. (a) Sincef (1) = 2 andg = f 1, we haveg(2) = 1 and thus

1
f(9(2)
1
f(@)
1

g@ =

ol =

(5x* 4 3x?)
x=1

6. (b) Use the product rule to differentiaféx) = x2 tanx.

f/(x) = 2x tanx + x2 se@ x
7. (b) Now f (x) = 2/&X = 2(eX)1/2 = 2e*/2 whence

f/(x) = 2e*/2 (%) = e¥/2 = ()% = V.

8. (¢) The derivative of position is velocity. In turn the
derivative of velocity is acceleration.

r(t) [(cost)z,t]
v(t) =r'(t) [2 (cost) (—sint), 1] = [—sin 2, 1]

at)=Vvt)=r"(t) = [-2cos2,0]
= [-2cos%, 0] =[-1,0]

_
whent = 5

9.

10.

11.

12.

13.

(a) Repeatedly differentiate until a pattern is evident.

f(x) = sinx
f'(x) = cosx
f7(x) = —sinx

f”(x) = —cosx
f@x) = sinx

We see that the derivatives repeat in a cycle of four. Hence
f (28 (x) = sinx. More precisely,f ¥ = f&kmod4 \yhere

k mod 4 signifies remainder upon division by 4. Because
28 mod 4= 0, we conclude that

@) = fOx) = f(x) = sinx.

(c) Atx = /m, we have

f(x) = sin<x2> = sinz =0,
f'(x) = cos(x2> S(2x) = —2/7.

Therefore, the desired linear approximation is

L) = f(W/m)+ f'Wrx—Jm)
= 0-2J7 (x—/7)
= 27 —2J7x.

(e) The distance betweéx, 0) and(0, 1) is

1/2
s:\/(x—0)2+(0—1)2: (x2+1) 2
Differentiation with respect to timeyields

ds 1/, -1/2 dx
T §<X —i—l) (Zxa>

2X
X2+ 1

sincedx/dt = 2 from the statement of the problem.

(d) Letw = 2% (to give it a name). Then

2742 =wtw =2w = (2') (27) =21,

(c) Geometrically, Newton’s method amounts to following
tangent lines to where they intersect thaxis. With the

point P(2, 2) on the graph off and the slope of the tangent
line thereat between 3 and 5, we have the following diagram.
It is clear from the picture that the next Newton iterate lies in
the interval 1< x < 2 or (1, 2). No computation is required!



Solution: rise/run by counting

slope 3

slope 5

-4
-1 0 1 2 3 4 5
X
Alternatively, take an analytical approach. Since the grap

y = f(x) passes throug{®, 2), we havef (2) = 2. Using a

slope of f/(2) = 3, the next Newton iterate is
f(xq) 2 4
=X]1————F=2—-—-==-~133¢(1,2.
=X T50) 3°3 €d.2
Similarly, using a slope of /(2) = 5 gives
f(Xl) 2 8
= X1 — =2--==-=16¢€(,2).
=X "T00) 5~ 5 €2

14. Implicitly differentiate the equation
2
<X2+y2) =4<x2—y2) +3x+7
with respect tok, then solve fody/dx.
dy dy
2,2 2y _oy?
2<x +y)(2x+2ydx) 4<2x Zydx)+3

d d 3
<x2 + y2> <x + yd—z(/) <2x — 2yd—3(/>

_l’__
4
(2y+(x2+y2)y)% 2x+§—(x2+y2)x

dy 2x+ 3 — (x2+ y?) x
dx —  2y+(x2+y?)y
Finally, plug in(x, y) = (2, 1).
3 19 _ 40 21
dx 7 7 7 4

15. We are givex = (t + 1)%3 andy = te~!. The point
(X, y) = (1, 0) corresponds tb = 0.

(i) The parametric derivatives are

dx

rraE L i

d

d—i’ = e'l4tet(-)=@1-te"

h of

16.

17.

18.

(ii) Therefore,

dy dydt (@d-pe

dx  dx/dt Za+1e

(iii) The slopem of the desired tangent line is obtained by
pluggingt = 0 into the expression faty/dx. This

yieldsm = % Hence an equation of the tangent line is

y-0=3(x-Dory=3x-3.

Givenf (x) = €®Xsinbx, we have

/(%)

(ae®) sinbx + € (bcosbx) = €?* (asinbx + bcosbx)

(ae™) (asinbx + bcosbx) + e (ab cosbx — b? sin bx)

f 4 (X)

ax

€ ((az — bz) sinbx + 2ab cosbx)

Lety be the height of the rocket amdthe camera’s angle of
elevation. Here is a diagram followed by the relevant
computations involved in this related rates problem.

(y2 + 40002)1/2

y
M 8
4000
y
tang = -2
an 2000
do dy/dt
se¢0- 3t = 2000
d¢  dy/dt )
dat ~ 2000 o
dé 600 /4\%2 12
— = —(2) ==£ =009
dt 4000(5) 125
f _ _ 4000 _ 4
since fory = 3000, we have cas= 300014003 — 5 The

camera angle is changing%}5 = 0.096 rad's or 35°/s.

The linear approximationtb ata = 1 isL(x) = 2x + 3.
Thusf (1) = L) =5andf’(1) = L'(1) = 2. We are given
H=ForHX = (f(x)¥2 Atx=1,H(x) = +v5and
H') =3 (fe) Y2 1(x) =3 (%) (2) = %5 Hence
the linear approximation tbl ata = 1 is

Lu(x) = H(1>+H’<1><X—1)=J§+i(x—1).
NG



