
Spring 2006 Math 151
Exam 1B: Solutions
Mon, 20/Feb c©2006, Art Belmonte

1. (d) Eliminate the parametert in the parametric equations
x = 7 − 6t andy = 8 + 2t to obtain the Cartesian form
y = mx+ b. This will allow us to read off the slopem of the
line. Now t = 1

6 (7 − x), whence

y = 8 + 2
(

1
6 (7 − x)

)
= −1

3x +
(
8 + 7

3

)
Hence the slope of the line ism = −1

3.

2. (c) Withg (x) = 2x2 − 8x1/2 + 4x, we have
g′ (x) = 4x − 4x−1/2 + 4, whenceg′ (4) = 16− 2+ 4 = 18.

3. (b) The rational function

y = g (x) = x2 − 1

(x + 1) (x + 5)
= (x − 1) (x + 1)

(x + 1) (x + 5)
= x − 1

x + 5

is defined forx 6= −1,−5.

• Since lim
x→±∞ g (x) = lim

x→±∞
1 − 1

x

1 + 5
x

= 1, only y = 1 is

a horizontal asymptote.

• Since

lim
x→−5− g (x) = lim

x→−5−
x − 1

x + 5
= −6

0− = +∞,

we see thatx = −5 is a vertical asymptote.

• Since

lim
x→−1

g (x) = lim
x→−1

x − 1

x + 5
= −2

4
= −1

2
6= ±∞,

we see thatx = −1 isnot a vertical asymptote.

4. (a) Use derivative rules, then substitute numerical data.

h′ (x) = (x f (x) − g (x))′

h′ (x) = (1) f (x) + x f ′ (x) − g′ (x)

h′ (2) = f (2) + 2 f ′ (2) − g′ (2)

h′ (2) = 2 + 2 (−1) − 4 = −4

5. (d) Velocity is the derivative of positions = t

t2 + 1
. When

t = √
2 seconds, we have

ds

dt
=
(
t2 + 1

)
(1) − (t) (2t)(

t2 + 1
)2 = 3 − 4

32
= −1

9
ft/s.

6. (a) Use limit laws and the given information.

lim
x→a

(
f (x) + (g (x))2

)
= 12

lim
x→a

f (x) +
(

lim
x→a

g (x)
)2 = 12

lim
x→a

f (x) = 12− (4)2 = −4

7. (b) We have

lim
x→−4−

|x + 4|
x2 − 16

= lim
x→−4−

− (x + 4)

(x + 4) (x − 4)
= lim

x→−4−
−1

x − 4
= 1

8
.

8. (b) The functionf (x) =
√

x2 − 6x + 5 is defined provided
x2 − 6x + 5 = (x − 1) (x − 5) ≥ 0. This occurs forx ≤ 1 or
x ≥ 5. In other words, the domain off is (−∞, 1] ∪ [5,∞).

9. (b) The piecewise polynomial function

f (x) =
{

cx2 − 1, if x < −1
2c − x, if x ≥ −1

is continuous forx 6= −1 since polynomials are continuous
onR. So the crux of the problem is to determine conditions
onc such that lim

x→−1
f (x) = f (−1). Let’s match the left

and right limits of f at x = −1.

• lim
x→−1− f (x) = lim

x→−1−

(
cx2 − 1

)
= c − 1

• lim
x→−1+ f (x) = lim

x→−1+ (2c − x) = 2c + 1

• Setc − 1 = 2c + 1, whencec = −2. Thus

f (x) =
{ −2x2 − 1, if x < −1

−4 − x, if x ≥ −1
and

lim
x→−1

f (x) = −3 = f (−1).

• Therefore, forc = −2, the piecewise functionf is
continuous atx = −1. Since f was already continuous
for x 6= −1, we have thatf is continuous onR.

10. (c) With f (x) = x3 + 6x − 4, we havef (0) = −4 and
f (1) = 3. Since f , a polynomial, is continuous onR, we
conclude by the Intermediate Value Theorem (IVT) thatf
has a root in the interval(0, 1); i.e., f (c) = 0 for somec
such that 0< c < 1.

11. (c) The angle betweenv =
[
−1,

√
3
]

andw =
[
1,

√
3
]

is

θ = cos−1
(

v · w
‖v‖ ‖w‖

)

= cos−1
( −1 + 3√

1 + 3
√

1 + 3

)
= cos−1 2

4 = cos−1 1
2 = π

3 .

12. (c) We have

lim
x→5

x − 5

x2 − 8x + 15
= lim

x→5

(x − 5)

(x − 5) (x − 3)
= lim

x→5

1

x − 3
= 1

2
.

13. (b) The instantaneous velocity is approximately equal to the
average velocity nearby. Accordingly, att = 2 sec we have

dh

dt
≈ 1h

1t
= 53− 50

2.1 − 2.0
= 3

0.1
= 30 m/s.

[The workout problems are on the next page.]
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14. The definition of the derivative involves a limit of a
difference quotient. Take it step-by-step.

f ′ (2) = lim
x→2

f (x) − f (2)

x − 2

= lim
x→2

1

x2 − 1

4
x − 2

= lim
x→2

(
4 − x2

4x2

)

x − 2

= lim
x→2

− (x − 2) (x + 2)

4x2 (x − 2)

= lim
x→2

− (x + 2)

4x2
= −4

16
= −1

4

15. Givenr (t) = [
t3 − t + 3, 8t2] andr ′ (t) = [

3t2 − 1, 16t
]
,

here is a parametric representation of the tangent line tor at
t = 2.

L (u) = r (2) + ur ′ (2)

= [9, 32]+ u [11, 32]

= [11u + 9, 32u + 32]

= [x (u) , y (u)] .

(We usedu as a parameter for the line so as not to confuse it
with t, sincet has the specific value 2. However it’s fine if
you used the conventional parametert.)

16. Differentiatey = 3x − 2

x2 + 4
using the Quotient Rule to obtain

y′ =
(
x2 + 4

)
(3) − (3x − 2) (2x)(

x2 + 4
)2 . The slope of the tangent

line ism = y′ (1) = (5) (3) − (1) (2)

25
= 13

25
. A point on the

tangent line is(1, y (1)) =
(
1, 1

5

)
. The point-slope formula

yieldsy − 1
5 = 13

25 (x − 1) or y = 13
25x − 8

25.

17. (a) The vector projection ofb = [1, 2] ontoa = [1, 1] is

v = projab =
(

a · b
‖a‖

)
a

‖a‖
=

(
1 + 2√

2

)
[1, 1]√

2
=
[

3

2
,

3

2

]
.

(b) Letw = orthab be the perpendicular projection of the
vectorb ontoa. Thenv + w = projab + orthab = b.
Accordingly, the distance we seek is‖w‖. (See diagram
at top of right column.)

‖w‖ = ‖b − v‖
=

∥∥∥[1, 2] −
[

3
2, 3

2

]∥∥∥
=

∥∥∥[−1
2, 1

2

]∥∥∥
=

√
1
4 + 1

4 =
√

2

2
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18. Multiply numerator and denominator by the conjugate of the
numerator.

lim
h→0

(√
16+ 2h − 4

)
h

·
(√

16+ 2h + 4
)

(√
16+ 2h + 4

)
= lim

h→0

(16+ 2h) − 16

h
(√

16+ 2h + 4
)

= lim
h→0

2h

h
(√

16+ 2h + 4
)

= lim
h→0

2√
16+ 2h + 4

= 2

4 + 4
= 1

4

19. Here is a graph of the functionf (x).
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Problem 19

(a) Since lim
x→4− f (x) = 3 and lim

x→4+ f (x) = 3, we deduce

that lim
x→4

f (x) = 3.

(b) Clearly f is not continuous atx = 4 since f is not
definedat x = 4. (Note the hole in the graph off
thereat. The graph is broken; i.e., discontinuous.)

(c) If f weredifferentiable atx = 2, then it would be
continuous atx = 2 by a theorem in Section 3.1. But
clearly f is not continuous atx = 2, since the graph is
broken (discontinuous) there. [More precisely,
lim
x→2

f (x) 6= f (2) since the limit in question does not

exist. See part (d).] Accordinglyf is not differentiable
at x = 2.

(d) We have lim
x→2+ f (x) = 2, whereas lim

x→2− f (x) = 3.

(Thus lim
x→2

f (x) does not exist since the left and right

limits are not equal.)
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