Fall 2007 Math 151
Exam 2A: Solutions
Wed, 31/Oct

1.

. (e) RecallthaH (x) = g (f (x)). Apply the Chain Rule.

. (c) Substitution gives lim
6—0

. (©) Nowf/(x) = 3 (1+ xe‘zx)_l/2 (72X — 2xe™2)

. (b) Recallx = cost + cos 2 andy = sint + sin 2. For
t = %, we have(x, y) = (=1, 1), a point on the tangent ling|.

. (b) The area of a rectangleds= LW, whereL is its length

. (b) Nowy? =1+ x3, whence ¥ % — 3 % and thus
. (d) Letf (x) = x¥3. Thenf’ (x) = $x~%/3. Thus

. (&) With f (x) = cos(x + =), we differentiate to obtain

©?2007 Art Belmonte

(c) The derivative iy’ = secx tanx + 2 sinx, whence

Y (%) =2v/3++/3=3/3.
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sin 1.
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whencef’ (0) = 5.

The slope of the tangent line for= 7 /2 is

dy dy/dt  cost+2cos2 -2

—_— = e :—:2,
dx dx/dt —sint—2sina2 -1

The point-slope formula then yields

2(x = (-1)
2X + 3.

y—1

andW its width. At the stated instant we have

dA dL dw

o L —— = (8)(10) + (20) (3) = 140 cn?/s.

at Ut

dt
o _F _20@
dt =~ 3x2 322
differentiate directly instead of implicitly.)

= 2 cny/s. (You may alternatively

f (64) =4 andf’ (64) = 4—18. The linear approximation is
L (x) = f (64) + ' (64) (x — 64) = 4+ 2 (x — 64).
Hence¥/70= f (70) ~ L (70) = 43.

f'(x) = —sin(x +z) and f” (x) = — cos(x + ). Thus
f (0) = -1, f/(0) =0, andf” (0) = 1. The quadratic
approximation is

Q(X)

f(0)+ f'(0) (x—0)+ 21" (0) (x — 0)2

—1+ 3x2.

Q(X)

10. (d) With f (x) = & — 4x — sinx, let

) = X f(x)_x X — 4x — sinx
9(x) = f/(x) e —4—cosx
1-0-0 1

Thenxz =g (x) =g(0) =0~ T—— = 7.

11. (c) Compute the first two derivatives pf= ax2 + bx + c.
pP(x) = 2ax+b
p” (X) 2a.

The specified data give rise to three equations in the three
unknownsa, b, andc.

8=p@) = a+b+c
4=p'(1) = 2a+b
6=p"Q 2a

The third equation yielda = 3. Accordingly, we have
b=4-2a=-2andc=8-a-b=8-3+2=7.
Thusp (x) = 3x2 — 2x + 7. Hencep (%) = 63.
12. (d) Recallf (x) = 3+ x%2+tan(zx/2), -1 < x < 1, and
g(x) = f~1(x). Sincef (0) = 3, we haveg (3) = 0. Now
f/(x) = 2x + % seé (wx/2) and therefore
1

1 2
g@ =

ffg@) ' © =2 =«

X 3
+ —_— =
13. (a) As>><(—> 37, we have—X —3 - oF oo, whence

(%)X_3—>O.

. 1-X%
14. (d) Isolatex step-by-step, that= .
(d) Isolatex step-by-step, given that 11 Ux

y+yvx = 1-Jx

A+yvx = 1-y

1-y

X = —

VX l+y

(1—y)2_ (1-y)?
1+y)  (@A+y)?

15. Get the slope of the tangent line via implicit differation.

y4 — 4y2 = x%_-5%x2
4y3:—i - ByS—i = 4x3—10x
d 2x3 — 5x
X " 2dy
dy = 5—\/5 [continued]
dx ( \/5,2) 8




Now use the point-slope formula and finish it off.

5V5
v-2 = = (x-v5)
55 25
y = gxtig
_ 556 9
Y g8 "8

16. Velocity is the derivative of position, acceleratiorttis

derivative of velocity, and speed is the magnitude of véjodi

r(t)
v=r'(t)
a=V(t)

[tcost, tsint]

[cost —t sint,

sint + t cost]

[—sint — sint —tcost, cost + cost — t sint]

Att = 7, we have

position = r(z) =[-=x,0]
velocity = v(z)=[-1, —x]
acceleration = a(z) =[x, —2]
speed = |[v(n)|| =vV1+72

17. Recall thak = 2t3 + 3t2 — 12t andy = 2t3 + 3t2 + 1.

e The tangent line to the curve will berizontal where

dy dy/dt . dy dx
dax — dw/dt — 0. This can occur n?ﬁ =0& G #0

simultaneously. Now 6= % = 6t2 + 6t = 6t (t + 1)
impliest = —1, 0. Observe that for these valuestofie
haved = 6t2 + 6t — 12 # 0.

The tangent line to the curve will hertical where

dy dy/dt
dx  dx/dt
precisely, this can occurwhe% =0 and%% #0
simultaneously. Now 6= & = 6t2 4 6t — 12 implies
0=6(t2+t—2) =6(t— 1) (t +2) and thus

t =—2,1, atwhich® = 6t2 4 6t 0.

Here is the requested table and an illustrative plot.
Recall that H = horizontal and V = vertical.

“+o0”, colloquially speaking. More

R OIRIN

y\ <IITI<

10

15 20

18. NowC = 2zr impliesdC = 2z dr. It was stated that
C = 20 anddC = 1, with lengths in centimeters. Thus

19.

C 20 10 dC 1
=_— = _—=—anddr = — = —. Now compute
2r 2r T .2 T
the differentialdV and plug in the data.
V = %m’?’
dv = d4xr?dr
10\?( 1 200
dv = 4z |— —)="cm®
b 2r 2

(a) Isolatex step-by-step. The answer checks out.

10(1+e>) "

(14+e)7
1+eX

e X
—X
X

Wi~ w|'5 '5|m w

IN7—1In3
IN3—In7=1In3

(b) Same drill. Check your answers!

log, (2x + 1)

log, (2x + 1) + logy, (4x)
log, ((2x + 1) (4x))
8x2 + 4x

8x% +4x — 4

22 +x—1

2x—-1) (x+1)

X

Toss outx = —1. Onlyx = 3
equation!

= 2—log, (4x)
= 2
= 2
= 22=4
=0
=0
=0
3, -1

satisfies theriginal

20. First note that when= 2, we havex = 6 + 4t = 14,
y=7+2t+3t2=13, % —4and¥ =2+t =4.

Apply the Pythagorean Theorem,

then proceed.

2 = 24y
dz dx dy
27— = 2X— +2y—
? dt “at Y a
dz X %% + y%%
da z
dz (149 @+ (134 _ 108 ems
dt 142 413 /365

Happy Halloween!



