Fall 2007 Math 151
Exam 3B: Solutions

Thu, 29/Nov ©?2007 Art Belmonte

1. (d) Combine this indeterminate difference to obtain an
indeterminate quotient, then use L'Hospital’'s Rule twice!

im X 1 — xInx+1—x
x—=1t\x—1 Inx) x51+ (Xx—1)Inx
N . Inx+1-1 In x
=  lm ——— = [m ——
x— 1+ Inx-|—’<%1 x—=1+ Inx+1—x-1
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2. (b) Lety be the population (in billiond) years past 1990.
The law of exponential growth gives= ypek! = 5ekt. Thus

5el(]<
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y(20) = 5 (g) = 36 — 7.2 (billion).
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3. (d) Since— (e*Inx) = 2e*Inx +e* (=),
() dx ( ) + X
we conclude that?* In x is an antiderivative of

1
(— +2 Inx) e,
X

4. (e) Thereis alocal maximum df atx = 5 since the sign of
f/ changes from- to — there.

5. (b) The critical numbers of (x) = x%3 (x — 1)2 are values
in the domain off for which f’ (x) is 0 or undefined.

f'(x) = xV3x-12+2%3(x-1)
f/(x) xV3(x—1)(3(x—1) +2X),x #0
7 (X) x~ 13 (x —1) (%x—%),x;éo

Thusf’(xX) =0whenx —1=0 or%x — % = 0. This occurg
forx = %1’ 1. We alscsuspect that f” (0) is undefined. This ig
true since (for example) the right-hand limit of the diffece
guotient isco, as we now show.

— 2/3(x —1)2 —
im f(x)—f (0 _ m X2 (x=10Dc-0
x— 0+ x—0 x— 0+ x—0
N o L
= s T T

Hence thehree critical numbers off arex = 0, %, 1.

6. (d) Use the Closed Interval Method. First find the critical
numbers off that are in the interval of interest.

f(x) = x3 — 6x% + 9x + 2 on -1, 2]
f'(x) = 3x®°—12x+9=0
0 = x?—4x+3= xX-1)(x-3
X = 1,3;onlylisin[-1,2]
Now compute values of at this critical number and the
. . X -1]1|2
endpoints of the interval. o =146 4
We conclude that the absolute minimumfobn [-1, 2] is

f (1) = —14.

7. (c) Recall the diagrang,v. With x = 6 ft and%% = 2 ft/s,
we see that

0 = sint(x/10)

do 1 dx/dt

dt /1—(X/10)2 10
do/dt = %g—%rad/s

8. (e) Nowf (x) =1In (xzexs) =2Inx+x3. So

f'(x) = % + 3x2 and thusf’ (1) = 5. The point-slope
formulagivesy — 1 =5(x — 1) ory = 5x — 4.

9. (a) Recally = (tan! x)lnx. Use logarithmic differentiation.

Iny = (Inx)In (tan_1 x)
1dy 1 ) 1
Vax — X In(tan X)+Inx—tan—1x T2
9 (s (P
Tdx X (1+x2) tar 1 x
YO = (2)°(InZ+0) =In(x/4
10. (c) Write f (x) = In (se@x) = 2In(secx). Then
f/(X) = 2% secxtanx = 2tanx.
b—-a 6-0 x—1
11. NOWAX = =——=2.With f =
(e) NowAx | (X) 1

n
on [0, 6], the Midpoint Rule yields

6x—1
/ X dx
0o X+1
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12. (c) We need to find the absolute maximum valug ef f’
on [0, #]. We'll use the Closed Interval Method. With
f (X) = X+ cos X, we haveg (x) = f/ (X) =1 —2sinX.
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o Let’s find whereg’ (x) = " (x) =

cosx =0on [0, z]. Thisimplies X = 7,

whencex = 7, 7F 3 ¢ [0, z].

Now compute values af (X) = f/ (x) =1 —2sinX

at these critical numbers and the endpoints of the
X ol z |3«

4
') || 1

interval. 25 1

We conclude that the absolute maximumfdéfon [0, z]

occurs akk = 4 , where f’ ( ):3.

13. (d) Recall thatf (x) = x3 + x — 1 on [1, 2]. By the Mean

Value Theorem, there is a numbee (0, 2) such that
f@2-1(©

/ —
f'(c)= —>—0 Therefore,
a?y1 = 22D g
2
4
c = j:\/; =+2//3.

Hencec = 2/+/3 € (0, 2).

(b) NowV’ (t) = a(t) = (4t, 6t) implies

v (t) = (2t2, 3t?) + C, whencev (0) = (1, —1) yields

C = (1, —1). Repeatr’ (t) = v (t) = (2t? + 1,3t — 1)
impliesr (t) —< t3 +1, t3—t>+K Sor (0) = (1, 0) gives
K = (1,0). Thusr (t) = <§t3 +t+1,t3— t>. Hence

F(3) = (22, 24).

14.

15.

Leth be the height of the box andits length and width. The

volume of the box i3/ = hx?

. Its surface area (no top!) is

S = x2 + 4hx = 1200 whencé =

(1200— x?) / (4x), with

the constraint that & x < +/1200= 20+/3. Thus
1200— x?2
V=hx? = 7x2=300x—%x3
4x
V' = 300- 3x?
Vo= =3x

Now V’ = 0 impliesx = +20; sox = 20 € (o, 20\/§).

Note thatV” < 0 for 0 < x < 204/3. Accordingly the
largest volume i%/ (20) = 6000— 2000= 4000 cn?.

16. The limit lim

x—0

power . Accordingly, lety = (cos(%))_g/xz. Then

X\ —9/X4 ) )
(cos(é)) involves an indeterminate

—9] X
limIny = “mm
x—0
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x—0 X2
1 sin(x/3)
L'H i -9 gos(x/3)
= m —
x—0 2X
3t
— m an(x/3)
x—0 2X
LH sed (x/3) _1
x—0 2 2

Thus limy = I|m eny — 2 0r /e
x—0 -0
17. Use signed area! Noy”gg (x) dx = % _ % 1) Q) =
@) fozg(x) dx=3bh=12 @ =
(b) [So(x) dx = —inr2 = —1x (2)22 on:

(c) fo g(x) dx—fo 9+f2 9+f69—‘_2”

18. Antidifferentiate acceleration to obtain velocity aredocity
to get position. Then resolve constants using numerical dat

o' (1) =a(t) 10sint 4+ 3 cost
xX'(t)=v() = -10cog + 3sint+C
x(t) = -—10sint —3cost +Ct+ K
0=x(0) = K—-3 = K=3
12=x2zr) = —-34+22C+3 = C=6/x
X)) = 3+%—10sint—3005t

19. Recall thatf (x) = /tanx = (tanx)/2 on (0, %).

(@ Now f’(x) = 3 (tanx)"¥2seéx > 0 on(0,
whencef is increasing or{0, %).

(b) Thusm= f (%) =1andM = f (”) V3 are the
least and greatest values bon [ 7, 3] respectively.
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(c) Geometricallyfa kdx = k(b — a) gives the area of a
rectangle. Sq””/smdx =5& f”/?’ Mdx = %, V3.
The average of these definite mtegrals gives a good
estimate off > J/tanx dx; namely, %, <1+ «/_)

20. Inscribe a rectangle with corndtsx, +y) in the unit circle
x2 4+ y2 = 1. Its area isA = 4xy = 4x+/1 — x2, with
0 < x < 1, where(x, y) is in the first quadrant. Now

4x
=4/1—-x2—
V1-—x2

We toss out-1/+/2 ¢ (0, 1); keep 1/+/2 € (0, 1). Notice

that A’ (x) > 0 for 0 < x < 1/+/2 andA’ (x) < 0 for

1/4/2 < x < 1. Therefore, we may conclude by the First
Derivative Test for Absolute Extrema that the maximum area

is A (1/&) — 2 cnk.

A () = 0 impliesx = +1/+/2.

Good luck on ALL your finals. Have a
safe and enjoyable semester break!

— Art Belmonte, Course Coordinator



