Spring 2007 Math 152 Exam 2A Answers Mon, 26/Mar/2007
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@ / xe ¥ dx = 1 [improper integral; integration by parts]
0

d
(b) d—{ =1- %) y (0) = 35 [classical balance law: net rate = rate-imate-out]
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. (b) Letp = [ 7 10 13] be a row vector of the masses anég 3 5 | amatrix whose rows are position

4 3
vectors of the coordinates. Liet = sum(p) = 30. Then the position vector of the center of mass is given by

CM =[x, V] = %pr — [61/30, 103/30].

(e) The differential equatioyf + ytanx = secx is in standard linear form (SLF). Multiply by the integrajifactor
1 = secx, then antidifferentiate and isolageto obtainy = sinx + K cosx.

. (e) Giveny'/x = Y = €*/&Y, separate variables then antidifferentiate and isgfdteobtain

y:In((x—l)eX+C).

N
. (e) The surface area}é 2z (x3/3) 1+ (x2)2dx =Tr.
0

vaa 2
. (¢) The arc length iﬁf (t2)" + (t)2dt = 39.
/3

o0 e—X

o0 1 :
. (d) Note that O< / —dx < / e dx = o ~ 0.37 < 1. By a comparison theorem, we conclude that
1 1

X

o0 A—X
/ ~ dx converges to a value between 0 and 1.
1

. Now f (x) = x~%? has an infinite discontinuity a¢ = 0. Accordingly,ff‘1 x~43dx = ffl x4 dx + f08 x93 dx.

Since both/°, x#3dx and [; x=4/3dx diverge toco, we conclude thaf®, x~#3 dx diverges tovo.
(@) The Trapezoidal Rule givdg =1 (% (1.0000+ 0.8776 + 0.9922+ 0.9689+ 0.9305) = 3.8304.

L @4-0)3
% <1g implies
n > ,/108/12 ~ 288675; for example, choose = 2887 or 3000. (The final inequality suffices.)

(b) Now f” (x) = —& cos(x/8), whenceK = | {” (0)| = &. Thus

Leto = k be the constant density of the regibn The mass of the region is

4 3x2)/2
m = // 0dA = / / kdydx = 3. The position vector of the center of mass of the region is
D 0 JO

o1 1A 2 36
CM:[x,y]za//Dé[x,y] dA:ﬂ/o /0 k[x, y] dydx=[3, E]:[S,?.Z].

Naturally, students may compute the center of mass usingantmas in Section 9.6.
The window is a vertical plate at variable depth. Buildhupintegral for hydrostatic force step by step.
P = pg(depth = pg(4-1y)
dA = wdy=2xdy=24y)Y*dy
dF = PdA=2pg@y)"*(4—-y)dy

4
F o= /0 29 (4y)V* (4 — y) dy

1024 2,007,040
= S5 P9=Tg— ~223x 10° N
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Chapters and Sections
8: Techniques of Integration

8.8 Approximate Integration

8.9 Improper Integrals

9: Further Applications of Integration

9.1 [Separable First-Order] Differential Equations
9.2 First-Order Linear Equations

9.3 Arc Length

9.4 Area of a Surface of Revolution

9.5 Moments and Centers of Mass

9.6 Hydrostatic Pressure and Force

Fundamental Concepts

Legend
h=Ax=22 dA=dxdy=dydx K= max|f”(x)|
a<x<b
xk=a+kh;k=0,...,n zdepth M= max|f® (x)‘
a<x<b
n-1 n
8.8 =h> f00) Ra=h> f(x)
k=0 k=1
n
Xk—1 + Xk
Ma=h>"f (#)
k=1
1
fxo)+f () | 5
Th _h<f+2f(xk)
k=1
h n/2-1 n/2—1
S = (f(x0)+f(xn)+4 D f(aipr) +2 D) f(x )
i=0 j=1
K (b—a)3 K (b—a)d
E _ E —_—
| Tn| < 12n2 . | Mn| < 24n2
M (b — . :
|Es,| < ﬁ [For Simpson’s Rulen is even!]
8.9 Uselimits and/or comparison theorems to compute
improper integrals.
9.1 dy/dx=f (X,y) = g(y) dy=h(X) dx =

Gy)=HX)+C=y=G1(HX+C)

9.2 Y+pX)y=0a(x)
1 (x) = exp( p(x) dx)
H)Y +u(x)px)y = ux)qx)
(1 () Y)' = ()9 ()
Y= (fﬂ(X)Q(X) dX+C)
9.3 L=[ds ds=,/1+ (g ) dx
d d dy)?
- i () o= (@) @)
9.4 S= [2zrds
n
9.5 Letp=[ m m m=>"my, and
k=1
X1 1
X2
r= . Then CM=[%, §] = & pr.
Xn  Yn
Let a planar regioD have density. Then its mass
ism= [[5 ddAandits center of mass is given by
=[x9 =21 [[pdlx, y] dA.
9.6 P=06z=pgz, dAA=wdy, dF = PdA, F = [dF

Additional Details

1
. / <P dx converges fop > 1 and diverges fop < 1.
a

e Comparison theorems for improper integrals: fedindg be
continuous or(a, oco) with f > g > 0. [Just think of areas
under curves above theaxis and the following assertions
are clear.]

1. If [J° f (x) dx converges, then so dogS” g (x) dx.
Moreover, 0< [°g(x) dx < [° f (x) dx = L.

2. If [° g(x) dx diverges, then so dog§” f (x) dx.
Moreover,[;° g (X) dx = [7° f () dx = oo

o If a differential equation has an initial condition(xg) = Yo,
then this initial condition is used to resolve the constant
involved in the general solution to the differential eqoati
using algebra.

General framework for an [improper] integral

Let (a, b) c R. Hereais either a real number eroo andb is
either a real number ax. Labelxg = a andxy = b. Let {X; }im:‘l1
be real numbers such thed < X1 < --- < Xm and define
=(a,b)\ {x.} [In otherwordsD is (a, b) with the points
xl,.. , Xm—1 removed ] Suppose thdt: D — Ris continuous
and thatf is discontinuous aty, . .., Xm—_1. Finally, let
G € (xi—1,%),i =1,..., m. [Note thatf is continuous at the
interior pointsc;.] Then we define

lim

b m
/a f (x) dx:i: (t—>x, 1/t f(x)dx+ Ilm / f () dx)

provided thagll these limits exist.
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