Common Exam 3 A. Solutions.

PART 1. Multiple Choice (50 points)
1. Which of the following sequences diverges?

V) (ST 0 2] be) Bl 2]

Solution. The first three sequences converge (to zero), the last one converges to 2. We use
L’Hospital’s Rule to show that

1
lim — = lim —— = lim — = 00, so the sequence {L} diverges. Answer. D
z—oolnx  z—oo (Inz)  2—001 Inn

2. Which of the following statements is true:

oo o0
a) If a, > 0 and Z(—l)”an converges, then Zan converges. False.
n=1 n=1
. An+1 4 - .
b) If a, > 0 and lim = —, then Zan converges. False (Ratio Test).
n—oo 3 —
o0 "
. 1 . :
c¢) The series Z — o7 converges. True. p—series, with p =1.01 > 1
n=1 n
n+1

converges. False. Compare with harmonic series.

o0
d) The series e
) ; vn4 +10

o0
e) If lim a, =0, then Z(—l)"an converges.
n—oo 1

False. The condition lim a, = 0 is not sufficient for convergence.
n—oo

Answer. C.

3. Which of the following statements is true:
o0
a) If Zanx” converges at x = —1.1, then it also converges at z = 7.

n=1
This statement is false; the series converges at every point x such that |z| < 1.1

oo
b) If Zanx" diverges at z = —2, then it also diverges at x=3.
n=1
This statement is true; the series diverges at every point x such that |z| > 2
n

(0.9}
x
c) ZF converges at x = 1

n=1
This statement is false; harmonic series diverges.
7/10)%  (7/10)* 7/10)%" ™
d) 1—}—( /10) ~|—( /10) —|—...—|—L—|—....:cos—

2! 4! (2n)! 10
This statement is false;

m (7/10)* | (m/10)* (=1)~"(r/10)%" (=) 7" (m/10)*"
cosﬁ =1- o1 + m + .+ (2n)! + ... :; 2n)!
g1 02 022 e

1 2! n!



1/2)  (1/2)? 1/2)" o (1/2)"
This statement is false; \/5261/2 = 1—1—(1/!)4—(/2!)4-...4-(2!)4-.... :Z:I(ZL')
n

Answer. B

o
. Choose the series Zan that diverges because lim a, # 0:
n—oo

n=1
A) 25(7;214)—711 B) ni_o:l (g)” C) gsin <7ll> D) :i; E) ni_o:lln <2n1 1)

Solution. In the first four cases lim,, . a, = 0, while lim,, . In (2 T:_ 1> =
n

()0

Answer. E

oo
1
. Which of the following is true for the series Z(e% —entl):
n=1
A) the series converges to 1 B) the series converges to e C) the series converges to e — 1

D) the series diverges to oo E) the series diverges to —oo
o0

Solution. The series Z(e% — eﬁ) is a telescoping series; the n-th partial sum is equal to
n=1

Sp = Zzzl(e% — ek%rl) — el — e 50 limy,— o0 S = € — 1, which means that the series

converges to e — 1. Answer. C

1 1 1
. Th f th i — 14+ ===+ -—...i

e sum of the series 3 —|—2 4+8 18

7 9 5 7
A)- B)- C)2 D)= E) -
Solution. Starting from the second term, the series is a geometric series. Computing the
sum of the geometric series with the first term a = —1 and the ratio r = —%, we get
S = 1;11/2 = 2 . Thus the sum of the given series is 3 — % 7 . Answer. A

sin® n

. Which of the following is true for the series Z T

o
1
A) the series converges absolutely by comparison with g 7
n
1
B) the series converges absolutely by comparison with E \F

o0
1
C) the series diverges by comparison with E —
n

n=1
D) the Series diver €S by com arison Wlth E 71

E) the series converges but not absolutely. N

sin® n 1
nyn| — nyn’
converges. Thus the given series converges absolutely. Answer. B

Solution. Since

and since the series > > | # converges, the series Y 7,



8.

10.

11.

sinz

The coefficient of z2 in the Maclaurin series for e is
1 1
A) 1 B)1 C)-1 D)0 E) 3

Solution. The Maclaurin series for the function f(x) = e5"% can be obtained as
eSnT — 1 + (sinz) + (Smm) + ...+ (Smx) —

p2n+1 3 2n+1
L+ (x— % et (- ) Gt T )+2!(x—%+...+(_1)n(;n+l)' + .02 4

2n+1

3
i@ = G e (CD) Gy )"

1
From this expansion we see that the coefficient of z? is 3 Answer. E

1

. The power series for f(z) = —— is

1+ 22
A 1+22+at 4. 42?4 ..
B) 22 +a2t + ... +2¥ 4 .
C) 142z + 422 + ...+ (2")2®" + ...
)

D)1—a?+at— . 4+ (=) +..
2 4 2n
x° x

E)l-—-— . 1)1 ...

T T el i

1
Solution. Since f(x) = 1522 can be interpreted as the sum of the geometric series with the
x
first term a = 1 and the ratio 7 = —x2, the power series representation of the function f is
1
f(l') = m =1 x2 + f]j4 — ...+ (_1)711.271 + ... AnSWeI'. D
cos(z?) —1 o o
Compute hn%) ———— (Hint: use Maclaurin series). The limit is equal to
r— €T
1 1 1 1 1

A)—- B)- C)- D)—= E)-——

) 2 ) 2 ) 6 ) 6 ) 24

: . : . 3 . cos(x®) —1 )

Solution. Using the Maclaurin series for cos(z”) — 1, we have lim = lim—(1 —

312 " 39 34 z—0 20 z—0 26
(@) (27) Lo @) (@) _
T+T+ )_i—>0x6( T T—F...)——*.AHSWQF. A

PART 2. Work-Out (50 points)

3

a) (5 points) Determine whether the sequence { tn
n\/’ﬁ

find the limit. If it diverges, explain the reason.

3
Answer. Since hm = 0, the sequence { tn

n—o0 n\f n\/ﬁ

b) (5 points) Determine whether the series Z

} converges or diverges. If it converges,

} converges to zero.

\F converges or diverges. Justify your

answer.

Answer. Comparing the series Z

\F

we conclude that the given series dlverges. (Use the Limit Comparison Test to show that
(3 +n 1

) = 1, which means that the series behave the same way).



12.

13.

(10 points) Determine whether the following series converges absolutely, converges but not
absolutely, or diverges. NAME the test used, SHOW all work, and clearly STATE your con-
clusion.

a) (5 points)

oo( n3n
Z (n+1

n=1
[ee]
3TL
Solution. Consider the corresponding series of the absolute values, 27 Here a,, =
—(n+1)!
3n 3ntl Ant1 3"t (n +1)! 3
T = ———. Then i :1‘7:1‘ =0< L
G gy T BT = T T s
3" _1)n3n

o0
Thus, by the Ratio Test, the series Z ( converges, so the original series Z
n

+1)! (n+1)!

converges absolutely.

j = (-1
b) (5 points _
A D T
> 1
Solution. Consider the corresponding series of the absolute values, Z W Applying
s n(nn

& 1 2
the Integral Test, we have / (7 = —(In .%’)2/3‘;0 = 0o. This means that the series
2

x lna:)l/ 53
of the absolute values diverges; thus the original series does not converge absolutely. The
question remains, though, whether it diverges or converges but not absolutely (converges

conditionally). We apply the Alternating Series Test. The sequence a, = W is
n(Inn

1 1
decreasing since a, = —————= > Gp41 = . Moreover, the sequence a
" n (Inn)/? " (n+1) (lnnJrl)l/3 !
o (="
converges to 0, since lim = 0. Thus the series ———— converges.
woon(lnn)l/:g nz2 n(lnn)1/3

Answer. The series converges but not absolutely.

(10 points) Find the radius and the interval of convergence of the power series. (Do not forget
to check for convergence at the endpoints).

— (=1)"(z —3)"
ZW

n=1

Soluti Consider th di f absolute val Z‘ z 3" H =

olution. onsider (§] COI‘I“eSpOIl ll’lg serles Ol absolute values, \/>4n . ere an, =
— 3|n _3n+1 _3n+1 4n -3

|.’IJ ’ B |-’IJ | Then li An+1 o ‘.’E ‘ f — i ’.’L‘ ‘ ThUS,

Jadn T e et 500 an | |o— 3["y/n F 14nHL | oo

-3
by the Ratio Test, the series Z‘f4| 3;4‘ < lorif |r — 3| < 4. This
o0

means that the radius of convergence is 4, so the original series Z

n=1

converges if

(—1)"(z —3)"
NTD

converges



14.

15.

absolutely if [z — 3| <4 orif 4<z—-3<4, -1<z<T.
Now we must test the convergence at the endpoints of this interval

D=4 (DM
If z = —1, the series becomes g = E E , which diverges
Vn4an N % \f

n=

as a p- series with p = 3 < 1.
DA & (=)
If x = 7, the series becomes Z NI = nz::l\/ﬁ? which converges by the Alternating
series Test. -

-1z —3)"
Therefore, the power series ;%
of convergence), and diverges outside of this interval.

converges when —1 < z < 7 (this is the interval

(10 points) Find the first four nonzero terms of the Taylor series expansion of the function
f(z) =Inx at the point x = 2.

Solution. We compute f(z) =Inz, f(2) =In2, f'(z) =1, f'(2) = 3, ["(x) = =%, [(2) =
—%, " (z) = %, "2 = %. Thus the required expansion of the function Inz at the point
r=2isIn2+ 5(z —2) — ;5(z — 2)2 + i (z —2)%.

a) (7 points) Use the first two nonzero terms in the Maclaurin series expansion of the function
2
e -1 0-Lg—=2" 1
f(x) = ——— to approximate the value of the integral: / —dx.
€T 0 T

—a? _q
Solution. First we find the Maclaurin series for f(x) = S by replacing x with —a?
x

the series for e*, then we subtract 1 and divide by x:
22 _2\n _1)n g2n—1 3
fla) = 57 =21 $<z>)—u:2?LJ§—*:—w+%—

0.1 —z2 n 2n 0.1
Next, integrating the power series term by term, we get / dx = Z ‘ =
0 - 2n n!

‘iﬂ
=

o0

2 4 6 2 4

T z x 0.1 0.1

(7+7+7)8.1%_( )°, (0.1)
2 (42! (6)3! 2 (4)2!

b) (3 points) Estimate the error of the approximation.

Solution. Since the series obtained by integration is an alternating series, we have |R| <

~ 5.01 x 1073 = 0.00501

((%)1 LS 2.78 x 1078. Moreover, we can tell that the error is positive, so the estimate we

obtained in a) underestimates the actual value of the integral, but by not more then ((06)1:;

2.78 x 1078

~



