Fall 2004 Math 151 Some limits
4 Inverse Functions

4.6 Inverse Trigonometric Functions
Fri, 29/0ct ©?2004, Art Belmonte | o, lm_tanrtx=-7

X——00

. _1 s
e |lim tan “x = —
X—> 00 2

Summary Six derivatives

Definitions These may be combined with the chain rule.
With suitable domain restrictions, one may define inverses of
trigonometric functions. The symbel=> stands for an
implication that goes both ways (“if and only if”).
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1. Inverse sine (arcsine)sin—1 or arcsin d _q 1 d 1 1
ll (tan x) - ll (cot x) S
. dx 1+ x2 dx 1+ x2
y=sin"lx & (siny =xandly| < —)
2 d 1 1 d 1 1
— (sec x) = — (csc x) =—
. . dx Xv/x2 -1 dx Xv/x2 -1
2. Inverse cosine (arccosine)cos ! or arccos
y = cos ix (cosy = xand0<y < ) MATLAB commands
3. Inverse tangent (arctangent) tan~ 1 or arctan Math sin Ll cosTtan I cotl]| secl] cscl

MATLAB asin acos | atan acot asec | acsc

el _ T
y=tan "X <= (tany_xand|y| < 2)

4. Inverse cotangent (arccotangent)cot 1 or arccot Hand Examples

y =cot 1 x (x € R) <= (coty = x andy € (0, 7)) 281/1

5. Inverse secant (arcsecant)sec ! or arcsec Find the exact value of cos (—1).

B secy = x and
y=seclx (x| > 1) < ( > ) Solution

yel0.5)Ulx, 3n)

Nowy = cos1 (—=1) <= (cosy = —1land O< y < &). Hence

6. Inverse cosecant (arccosecantfsc ! or arccsc ) = T
y = 7. (“The angle between 0 andwhose cosine is-1isx.”)

-1 cscy = x and
y = csC x(|x|zl)<:>< - 3 )
0, 51U (m, 5
Some cancellation equations Find the exact value of sirt (%)
o sin~1(sinx) = x for x| < %
Solution

:sin(sin—1 x) =xfor|x| <1

Now y = sin~1 (%) = (siny = % andly| < %) Hence

cosi(cosx) =xforO<x <mx

y = %. (“The angle between-% and% whose sine i% is%.)
cos(cos x) = x for x| < 1

tan~? (tanx) = x for [x| < % 281/12

tan(tan~*x) = x forx € R Find the exact value of ta(rl:os—1 (%))




Solution

“What is the tangent of the angle whose cosiné?g

oppzﬁzﬁ_

Draw a right triangle! We have ta#h= —-
adj 1

3112

281/15

Find the exact value of arcs(r$in (%n))

Solution

We have simt (sin (%n’)) =sin ! (—%ﬁ) = —Z by the first

cancellation equation.

281/16

Find the exact value of si(Q sin 1 :—g)

Solution

Letp =sin~t % By the first cancellation equation,06 <
Draw a triangle. Then sin2= 2 sin6 cosd = 2 (g) ‘—5‘)

281/21

Simplify the expresson siftan~1 ).

Solution

X
Draw a right triangle. Then si(tan‘1 x) =

Vitx2

AN

N

1+ X2)1/2

282/28

Derive the formula for the derivative of setx.

Solution

For|x| > 1, lety = sec 1 x. Then sey = x. Hence

dy
tany > = 1
secytany =
dy 1
dx ~ secytany
d 1
—(sec*lx) - . x>l
dx Xv/x2 -1

The last step is readily seen by drawing a triangle.

& - 1)

282/32

- - - . 2
Find the derivative of = (sm*1 x) .

Solution

Via the chain rule, we have

1 2sim1x

J1-x2 J1-x2

y =2 (sin_1 x)

282/33

Find the derivative of = sin~1 (x?).



Solution

We havey’ =

282/43
Lety = tan 1 (sinx). Computedy/dx.

Solution

_ cosx
C 14six

1
We haved—y =

= — = - COSX
dx 1+ (sinx)?

282/47

If y =x2cot™1(3x), findy'.

Solution
We have

/ _ 1
y = 2xcot (3x)+ x? <—m(3)>

3x2
1+ 9x2°

2x cot 1 (3x) —

282/52

Let f(x) = ,/sin"1(2/x). Find f’(x) and state the domains &f
and f’.

Solution

1/2
e Rewrite f asf(x) = (sin_1 (2x*1)) / . Then

% (sin*l (2x*1))_1/2 .t

1
x2 [sin~1 (E) J1— 4
X X2

e For f, we require the argument of the square root to be
nonnegative. Now & sin~1(2/x) < 7% in turn implies that
0 < 2/x < 1, whence X< x. The domain off is therefore
[2, 00).

f'(x)

e The domain off’ is similar except that we must exclude
x = 2 lest we divide by zero. Therefore, the domainféis
(2, 00).

282/62

X+1
2Xx+1)

Compute the limit limsin™! (
X— 00

Solution

. . T
We have lim sin~1 < iy
X—> 00 6

Xx+1
2x+1

MATLAB Examples

o 141
= lim sin”? (—’i) =
X—=00 2+ M

$282x24

Graphy = tanx, y = tan 1 x, andy = x on the same figure.
How are the first two of these related?

Solution

The two functions tam and tarr 1x are inverse functions. Hence
their graphs are mirror reflections of one another across the 45
liney = x.

Stewart 282/24
1.5 %
——y=tan(x) ,
1 - - —y=tan"Xx O
_ /o -
- T y=EX o
0.5 ,.7
> 0
-0.5 %
7z
-7
PRVZ
_1 =
7/
-15%
-15 -1 -05 0 0.5 1 1.5

% Stewart 282/24

%

x = linspace(-1.5, 1.5);

yl = tan(x); y2 = atan(x); y3 = Xx;

plot(x,y1,’0’, x,y2,’'b--', x,y3,'r-.")

grid on; axis equal; axis([-1.5 1.5 -1.5 1.5])

legend(y = tan(x)’, 'y = tan” 11X,y = X, ...
'Location’, 'North’)

xlabel('x’); ylabel('y’); title('Stewart 282/24")

%

echo off; diary off

$282x41

Find the derivative off = sec /1 + x2.



Solution 9
% Stewart 282/56

%
MATLAB's diff renders the needful. The simplified answer is fsyms x ()
. X = x * atan(x);
equ|va|ent toizl f1 = subs(f, x, sym(1)); pretty(fl)
x| (14 x2?) _
1/4 pi
fp = diff(f,x); pretty(fp)
% X
2/0 Stewart 282/41 atan(x) + ------
%
syms x A 1+ x
y = asec(sqrt(l + x°2)); pretty(y) fpl = subs(fp, x, sym(1)); pretty(fpl)
2 12 f
1/4 pi + 1/2
asec((1 + x ) ) - *(y 1)
dy_dx = difffy.x): pretty(dy ) TL fl + fpl*(x-1); pretty(TL)
1/4 pi + (1/4 pi + 1/2) (x - 1)
X x = linspace(0, 2);

"""""""""""""" f = eval(vectorize(f));

1 2 32 /1 1 \1/2 TL = eval(vectorize(TL));

(1 +x) 1 - - | 2 plot(x,f, x,TL,r-); hold on

|\ 1+ %7 plot(1, eval(fl), 'go’, 'MarkerFaceColor’, 'g’, ...
'MarkerSize’, 7)

grid on; axis equal

legend('function’, 'tangent line’, ...

dy_dx = simplify(dy _dx); pretty(dy _dx)

____________________ X - "Location’, 'SouthEast’)
o2 \12 0X/Ioabel(x), ylabel('y’); title('Stewart 282/56)
232 x |
(1+x) [~ echo off; diary off
| 2|
\1+ x/
%
s$283x72

echo off; diary off

Let f(x) = xtan 1 (1/x) if x £ 0 and f (0) = 0. Is f continuous

at 0? Isf differentiable at 0?
s$282x56

Let f(x) = xta 1 x. Find f/(1). [Additionally, find an equation| Solution

f th li h h dfat (1, Z). Mak lot. . . .
of the tangent ine to the graph ¢ at( ’ 4) ake a plot] o We see that Ilgnf(x) = f(0). Sof is continuous at 0.
X—

. iy fO=F©0) _ _=# i fO-FO) _ =
Solution e Now lm —S—5— =—7% but lim —5=75—=3.
1 1 Therefore, Iir(r)lf(x)z%é(o) doesnotexist. Hencef is not
We see thaf /(1) = 37 + 5. The tangent line is . X
D=3 2 9 differentiable at 0.
y= %17'[ + (%17'[ + %) (X — 1) A Stewart 282/72
06 Atx =0, the graph
05 has a sharp point.
Sofis co_ntinuogs
Stewart 282/56 04 but not difierentiable
. . : T . 03
2+ b 0.2
0.1
1.5¢f R 0
-0.1
-05 0 05
1t R X
> % Stewart 282/72
%
0.5 1 syms x
f = x * atan(l/x); f0 = 0;
7 L1 = limit(f, x, 0)
/ L1 =0
ot - . - DQ = (f - f0) / (x - 0);
v function L2 = lmit(DQ, x, 0. "left)
4 — — —tangentline 13 =L2|ir;.itig(§,plx, 0, 'right)
-0.5— - . . : : : L3 = 1/2%pi
-0.5 0 0.5 1 15 2 2.5 %

echo off; diary off



