Fall 2004 Math 151

6 Integrals

6.4 The Fundamental Theorem

of Calculus

Mon, 22/Nov ©2004, Art Belmonte
Summary

Fundamental Theorem of Calculus (FTC)

Let f be a continuous function oma[b]. Then

X
Part 1 Ifg(x) :/ f (t) dt, theng'(x) = f (x).
a

b
Part 2 /f(x)dx:F(x>\:=F<b>—F<a>,
a

whereF is an antiderivative of ; i.e., F' = f.
Thus differentiation and integration are seen to be inverse
processes. The second part of the theorem makesdh easieto
compute definite integrals by hand than by evaluating limits of

Riemann sums as we did in Section 6.3. In MATLAB, the
command can compute a definite integral in one line.

Hand Examples

You'll find the going quite a bit easier now that you have a
theoretical power tool in the Fundamental Theorem of Calculu

398/4

Sketch the area representeddiyx) = 2 + cost dt.

r

(a) by using Part 1 of the Fundamental Theorem of Calculus

Then findg’ (x) in two ways:

(b) by evaluating the definite integral using Part 2 of the

Fundamental Theorem of Calculus and then differentiating.

Solution

Here is a sketch of the area represented by the integral.

Stewart 398/4

(a) Part 1 of the FTC giveg (X) = 2 + cosx.

(b) Applying Part 2 of the FTC, we have

X
g(x) / 2+ cost dt
s

. t=x
(2t + sint) ’
t=m

(2x + sinx) — (2 + sinx)
2X + sinx — 27w.

That is,g(X) = 2x + sinx — 2. Theng'(X) = 2 + cosx.

398/6

Use Part 1 of the FTC to find the derivative of

X
g(x):/ Vi3 + 1dt.
-1

Solution

We havey' (x) = v/x3 + 1.

398/13

Use Part 1 of the FTC to find the derivative of

g y = o sin(t4) dt.

tanx

Solution

Letu = tanx. Then

dy
dx

dy du
du dx

17
% (/ sin (t4> dt) % (tanx)
u
(o d
(— /17 sm(t ) dt) i (tanx)

d
du
—sin (u4) seéx
—sin (tarf1 x) seéx.

u

398/22

1

Evaluate the integra] y° — 2y® + 3y dy.
0



Solution

Apply the Fundarmental Theorem of Calculus (FTC). A decim
approximation to the exact answer is provided for comparison

(1—10y10

(5-3+3)-©0-0+0

1 1
/O y® —2y° + 3ydy —%y6+%y2)‘0

= (15—

1

= —9 ~ 1.27.

15

398/26
2 t6 _ t2
Evaluate the integra/ @ dt.
1

Solution

We have

_—

- (f%tg +t71)’1
R
= % ~ 1.83.

398/28

Evaluate the integrz:lfo2 (x3 - 1)2 dx.

Solution

We have
2 2
J, (-
0

2
1) dx x8 —2x3 1+ 1dx

S—

2

/
~ie

x7 — %x“—i—x)‘
0

128 8+2) 0)
6

OOA

~ 12.20.

~|

398/34

2

Evaluate the integra/

‘x — xz‘ dx.
-1

Solution

AHere we must split the interval of integration to resolve the
absolute value involved. Note thiat (1 — x)| = x (1 — x) for
0 < x < landx (x — 1) elsewhere. Therefore

2

/.

0

/

1

’x — xz‘ dx

1 2
x2—xdx+/ x—xzdx+/ x2 — x dx
0 1

1

1

398/35

2

: 2 . .
Evaluate the mtegra}/ 6 dx or show why it does not exist.
—4

Solution

First off, wecannotapply the FTC since the integrandist
continuous on+$4, 2]. Indeed, it has an infinite discontinuity at
x = 0. The integral in this case does not exist as a finite real
number. (Indeed, we’'ll see Calc 2 thﬁﬁ4 5 dx = oo. For now,
see the correpsonding MATLAB example )

398/43

e

Evaluate the integra}/ secx tanx dx or show why it does not
g

/2
exist.

Solution

We cannotapply the FTC since the integrandist continuous on
[2 , ] Indeed, it has an infinite discontinuity)at= 7. The

integral in this case does not exist as a finite real number. (Indeed,
we'll see Calc 2 thaf, secx tanx dx = co. For now, see the
correpsonding MATLAB example.)

398/45

/3
cs@6do.

Evaluate the integra}/
/6



Solution
We have

/3
/.

or approximately 1.15.

398/48

In6

Evaluate the integra/ 8e* dx.

In3

Solution

In6

We have /

In6
8e*dx = 8e*| =8(6) —8(3) = 24.
In3 In3

398/50

. €3
Evaluate the mtegra/ —dx.
_e2 X

Solution

Wehave/ —dx = 3In|x| =3-6=-3.
—e X —e?

398/52

1/2 1
Evaluate the integra/

0 1-—x2

Solution

1/2 1 1/2
We have/
0 1—x2 o 6

398/60

b/

Evaluate the integra/ f (x) dx where

=T

X if —Tr <x<0
sinx if0<x<m

f(x):{

cs@ 0 do = (— cotd) ‘:;Z = (—%ﬁ) - <_J§> -

Solution

Split the interval of integration.

T 0 T
/ f(x)dx / f(x)dx—i—/ f(x)dx
_ — 0

0 T
/ xdx+/ sinx dx
— 0
1,2)° + ((— COSX) ‘”)
2 -7 0

|
= (O—%nz)—i-(l-i-l)
2

—ir2~ 293

399/75

Find the general indefinite integraf 2X + secx tanx dx.

Solution

This is another word for antiderivative. Don’t forget to add an
arbitrary constant!

/2x+secxtanxdx:x2+secx+c

399/78

A particle moves with velocity(t) = t2 — 2t — 8 (in m/s) along
a line (say thec-axis).

(&) Find the displacement (change in position) during the time
interval 1<t <6.

(b) Find the distance traveled by the particle during the time
interval 1<t < 6.

Solution

(a) Positionx(t) is an antiderivative of velocity. Therefore,

6
/ v(t) dt
1
6
/ t2 — 2t — 8dt
1

oo

- ()

displacement

10
0~ 333m.



(b) Distance traveled is the integral of spepdt)|. Now
v(t) = (t + 2) (t — 4), whencev(t) < 0on [l 4] and
v(t) > 0onJ4 6]. Thus

6
/1|v(t)| dt
4 6
/1—1)(t)o|t+[1 o(t) dt
<@t+ﬂ—%ﬁ)ﬁ)+(@ﬂ—¢?—&ﬁ)
(5-%)+ (- (9)
44 98

18+ — = — ~ 3267 m.
+3 3

distance

399/80

A particle moves with acceleratiat(t) = 2t + 3 (in m/s?) along
a line (say the-axis). Its initial velocity isv(0) = —4.

(a) Find its velocity at time.

(b) Find the distance traveled during the time interval © < 3.

Solution
(a) Velocityu(t) is an antiderivative of acceleration. Therefore
velocity = /a(t) dt
velocity = [2t + 3dt
u(t) = t?24+3t+C
—-4=v0 = C
u(t) = t?4+3t—4

(b) Distance traveled is the integral of spedt)|. Now
v(t) = (t — 1) (t +4), whencev(t) < 0on [0 1] and
v(t) > 0on[L 3]. Thus

3
/ lv(t)| dt
0

1 3
/ —v(t)dt+/ v(t) dt
0 1

(=g a)]o) (37 g

distance

= (4-%)+(5-(-¥))
= 1Egjt%sz%)wmssm.

399/82
An animal population is increasing at a rate of 2080t per year,

(wheret is measured in years). By how much does the animal
population increase between the fourth and tenth years?

Solution

Thleoincrease is
10
/ 200+ 50t dt = (200: + 25t2) ‘4 = 4500— 1200= 3300.
4

399/88

5x

Find the derivative of =
COSX

cos(uz) du.

Solution

Letv = cosx andw = 5x. Also, note that

5x 0
/(;OSX /(;OSX COS(U2> du + »/0
- /OCOSX cos(uz) du+ /OSX cos(uz) du

—y1+ Y.

5Xcos u?) du
(+#)

cos(uz) du =

Accordingly, we have

1dy
dx

d
I (=y1+ Y2

dye
dx

_dn
dx
dy; dv  dy, dw
dv dx dw dx

d v 2 d
(/0 cos(u ) du) ix (cosx) +

T du
— cos(vz) (—sinx) + cos(wz) -5

d (/Ow cos(uz) du) % (5X)

dw

sinx cos(cos2 x) +5 cos(25x2) )

400/96

1 [k, . .
Evaluate lim — E — by first recognizing a Riemann sum for
n—oo N 1 n

a function defined on [QL].

Solution

Examine the pieces and flesh them out a little.

1-0
n

—0
lim —— 0+k(
n— o0 n =



We recognize this as the limit of the right sums of the integral
1
/ /X dx. Accordingly its value is
0
1

1
/ x/2 dx = 2x?>/2 _2 —-0= 25 0.67.
0 3 o 3

400/102

Find a functionf such thatf (1) = 0 and f’(x) = 2¥/x.

Solution

X ot

2
By Part 1 of the FTC, the functiofi(x) = / T dt fits the bill,

. 1
since

12t
f(ly) = / —dt =0,
1t

d x ot 2%
f/ = — — =—.
) dx (/1 t dt) X

399/90

Find the interval on which the curve

x 1
v= [
o 1+t+t2

is concave upward.

Solution

2 1
usy’ = e > 0 for

— . Th 5

1+x+X (1+x+x2)

X < —3. Hencey is concave up o(—oo, —%) Here is a plot
that corroborates this.

Nowy' =

Stewart 399/90
15
l b
inflection point
051
0
~ )
-0.5¢ o
_1 b
_15 b
_2 L "
-2 -1 0 1 2

MATLAB Examples

$398x22 [398/22 revisited]

1
Evaluate the integra] y° — 2y°® + 3y dy.
0

Solution

Here are two solutions. To just see the final answerjnise

0,

% Stewart 398/22: All at once
%

syms y

intly"9 - 2*y'5 + 3*y, vy, 0, 1)

ans =
19/15

%
echo off; diary off

To see the steps, usei, “stepwise multiple integration,” a page
from the Calc 3 playbook!

%
% Stewart 398/22: Step-by-step!

%

syms y

smi(y9 - 2*y’5 + 3%, [y 0 1]);
STEPWISE (MULTIPLE) INTEGRATION!

Antiderivative w.r.t. y:

10 6 2
1710y - 13y + 32y

When y = 1:

19

15
When y = 0:

0
Difference:

19

15

Answer (above) and approximaton (below)
1.2667

%

echo off; diary off

s$398x35

22
Show that the integra}/ 6 dx does not exist.
-4

Solution

As we'll see more formally in Calc 2, the area under the curve that
the integral represents is infinite.



0,

% Stewart 398/35
%

syms X

int(2/x’6, x, -4, 2)

ans =

Inf

%
echo off; diary off

s398x43

Y

Show that/ secx tanx dx does not exist.
/2

Solution

Once again, we'll see in Calc 2 that the area under the curve t

the integral represents is infinite.

%
% Stewart 398/43: All at once
%

syms X

int(sec(x)*tan(x), x, pi/2, pi)

ans =

Inf

%

echo off; diary off

hat




