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9 Further Applications of Integration

9.2 First-Order Linear Equations
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Summary
Terminology
A first-orderlinear differential equation has the form

d
aﬂx)d—i +ap(X)y = b(x).

Thecoefficientsag, a;, b are constants or functions of the
independent variabbe alone; they dmotdepend on the

dependent variablg. Moreover, note that bothhand its derivative

y’ occur to the first power only. The equatiorhismogeneousf
b(x) = 0 andnonhomogeneou# b(x) £ 0.

Conventional procedure (CP) to solve linear equations

1. YouMUST put the DE instandard linear form (SLF):
Y+ PX)y = Q(X)

2. Construct aintegrating factor x(x) = exp(/ P(x) dx).
Note thatanyantiderivative/ p(x) dx will do. So take the
constant of integration to be zero.

3. Multiply the SLF by the integrating factar to obtain
uy + 1Py = uQ. Noticeby desigrthat
(ny) = uy' + p'y = puy’ + uPy (via the Chain Rule).
Putting these two together gives

(L)Y (x)) = u(x)Q(x)
which is separable. That is, it's of the forthw /dx = g(x)
and we may use Section 9.1 techniques!

4. Antidifferentiate (i.e., indefinitely integrate) to obtain
p(X)y(x) = [ 1 (x)Q(x) dx+ C. We therefore have

1 C
y(x) = m/ﬂ(X)Q(X)dX‘F 200

This is an explicigeneral solutionto the first-order linear
DE.

This method works for both homogenous and nhonhomogened

first-order linear equtions. In the summary aboyés the

dependent variable; the independent variable (unspecified) m

taken to bex. In other problemg, (time) is the independent

variable andk or y (or some other letter) the dependent variabls

Just be aware of th&tructure!

Executive Summary of the CP!
1. SLFy + Py=Q.
2. IF:u =exp(f P).

3. uy’' + uPy = uQ, whence(uy) = Q.
4. Antidifferentiate; then isolatg.

Hand Examples
540/2

Determine whether the differential equatiofy’ — y + x = 0is
linear.

Solution

Rewrite the equation a(s<2) Yy + (=1)y = —x, whichis linear.

540/4

Determine whether the differential equatipyl = sinx is linear.

Solution

The equation isotlinear, since the coefficient of is y, an
expression which contains tidependentariable.

540/8

Solve the differential equatioxy’ + 2y = e x> 0.

Solution

Let's go through the steps of the Conventional Procedure.
. o2 e 2

1. Putthe DE into SLFy’ + X y= = HereP(x) = 3
the coefficient ofy in the SLF.

2. Construct an integrating factqz(x) = exp(/ P(x) dx) or
exp([ 2dx) = e?"X = x2.

3. Multiply the SLF byy: X2y’ + 2xy = xe<° or
(x2y) = x| as advertised!

4. Integrate to obtain?y = 3e¥ + C. Therefore,
ie®4c 4k
Y=" T T

is a general solution.

Example A

us dy
Solve the IVP six ax + ycosx = xsinx, y (%) = 2.

ay be

3_Solution

What have we here? We're already at Step 3 of the CP!

(ysinx)) = xsinx
ysinx = sinx —xcosx+C
COSX C
y = 1—-X——+4+ —
sinx  sinx
2 = 1+C [using the IC]
cC =1

Thereforey = 1 — x cotx + cscx.



540/16

Solve the IVPxy — 3y = x2, y (1) = 0.

Solution

. 3 3
1. Putthe DE into SLFy' — y=x HereP(x) = —
the coefficient ofy in the SLF.

Construct an integrating factgu:(x) = exp(/ P(x) dx) or
exp(f -2 dx) = e73INX = x 3,

Multiply the SLF byu: x 3y’ — 3x %y = x2or
(x73y) = x~2.

Integrate to obtaimn—3y = —x~1 + C. Therefore,
y = Cx3 — x2 is a general solution.

5. Now use the IC to resolve the constant
0 = C-1
= 1
y x3 — x2

540/22

Solve the differential equatioyl + (cosx) y = cosx and graph
several members of the family of solutions.

Solution

1. The differential equation is already in standard linear forn

2. Construct an integrating factqu:(x) = exp(/ P(x) dx) or

exp( [ cosdx) = eSinx,

3. Multiply the SLF byu.
esinxy/ + (esinx COSX) y = eSinx cosx, or
(esinxy)/ eSINX cosx

Integrate to obtaie®"Xy = 5" 4- C. Therefore,
y = 1+ Ce S"™X s a general solution.

Some solution curves are plotted below. See MATLAB for deta
Stewart 540/22
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MATLAB Examples

MATLAB’s dsolvecommand can automatically solve differential
equations, with or without initial conditions. Or you may use the
deSolvecommand on the TI-89. Plot explicit solutions with
MATLAB’s plot command. Plot implicit solutions with itszplot
or contour commands.

s540x08

Solve the differential equationy’ + 2y = eXz, x > 0.

Solution

For MATLAB's dsolvecommand, we writ®y for y’ ordy/dx.

This is ultra-concise. The differential equation is entered as the
first argument, a string. The second argument is the independent
variable, again entered as a string. In the ansdieis a constant.

%

% Stewart 540/8
%

syms x

y = dsolve(x
pretty(y)

*Dy + 2xy = exp(x2), 'X);

2
1/2 exp(x ) + C1

%

echo off; diary off

s92_exA

d
"“Solve the IVP sirx d—z(/ + ycosx = xsinx, y (%) = 2.

Solution

%

% Stewart 9.2/Example A

%

syms X

y = dsolve('Dy *sin(x) + y
'Y(pif2)=2", ’X);

pretty(y)

*Ccos(x) = x *sin(x), ...

sin(x) - x cos(x) + 1
%

echo off; diary off

ils.
s540x16

Solve the IVPxy — 3y = x2, y(1) = 0.

Solution

%

% Stewart 540/16

%

syms X

y = dsolve(x *Dy - 3xy = x"2, 'y(1)=0', 'X);

X

y = simple(y); pretty(y)



%
echo off; diary off

s540x22

Solve the differerential equatiori + (cosx) y = cosx and graph
several members of the family of solutions.

Solution

Here is a diary file that shows the commands used to solve the
differential equation and graph several solution curves. (See t
hand example for the plot.)

%

% Stewart 540/22
%

syms C1 x

y = dsolve(Dy + y
pretty(y)

*Cos(x) = cos(x)’, 'X);

1 + exp(-sin(x)) C1
%
x = linspace(-5, 15, 200);
figure; hold on
for K = -3:3
curve = subs(y, C1, K);
Y = eval(vectorize(curve));
plot(x,Y)
echo off
end
plot([-5 15], [1 1]); grid on
set(gca, 'Xtick’, -5:5:15)
set(gca, 'Ytick’, -8:4:8)
xlabel(’x’); ylabel(’y’)
title('Stewart 540/22’)
%

echo off; diary off

s92_exB

Solve the differential equation §0+ 5¢q = 10 sin(2zt) and plot
several solution curves. (This is an electrical engineering
exampleq is current and is time.)

Solution
Stewart 540/22
Solution curves coalesce
into a steady state solution
1
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Time t

%

% Stewart 9.2/Example B
%

syms C1 t

q = dsolve(10 *Dq + 5+q = 10+*sin(2 *pi *t), 't');

pretty(q)

4 pi cos(2 pi t) - sin(2 pi t)

exp(- 1/2 t) C

%
t = linspace(0, 15, 400);
figure; hold on
for K =-2:05:2
curve = subs(q, C1, K);
Q = eval(vectorize(curve));
plot(t,Q)
echo off
end
set(gca, 'Xtick’, -5:5:15)
set(gca, 'Ytick’, -1 : 0.5 :1)
xlabel('Time t'); ylabel('Current q’)
title("Stewart 540/22’)
axis([-5 15 -2 2]); grid on
%

echo off; diary off



