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10 Infinite Sequences and Series

10.3 Positive Series: The Integral and
Comparison Tests; Estimating Sums
Mon, 28/Mar ©?2005, Art Belmonte

Summary

|In this section, all series hapesitiveterms||
We'll use )" a, as a shorthand foy_°° ; an.

The Integral Test and Estimating Infinite Sums

The Integral Test Let f be a continuous, positive, [ultimately]
decreasing function o, o) and letay, = f (n). (HereN is a
positive integer.) Then the seri®s a, converges if and only if
f,flo f (x) dx converges. That s, the series and integral exhibit
same behaviorither both converge or both diverge

The p-series The series | ﬁlp converges fop > 1 and
diverges forp < 1.

The Remainder Estimate for the Integral Test Let > an be a
convergent series whose sunsiand lets, = Y_p_; a be itsnt
partial sum. The remainderis Ry = s — sh = Y Ren1 -

It satisfies/

1 FOOdx < Ry < [7° fxdxforn > N.

Bounds on the infinite sums Adding s, to the last inequality

givessn + [0, fOOdx <s < s+ [;° foodxforn > N.

Comparison Tests

If " bn converges andn < b for n > N, then)_ an converges.
If 3" bn diverges andy, > b, for n > N, then)_ an diverges.
Limit Comparison Test

Letlimp— oo (@n/bn) = L > 0. There are three conclusive case

e If L =0 and}_ by converges, thel_ a, converges.

e If L =c > 0, then)_an and)_ b, exhibit similar behavior:
either both converge or both diverg@ his case is typical.)

e If L = co and)_ by diverges, ther}_ a, diverges.

the

Hand Examples
603/4

Suppose tha} _ a and)_ by, are series with positive terms and
> bn is known to diverge.
(@) Ifan > by for all n, what can you say abolt an and why?

(b) If an < bp for all n, what can you save abodt a, and why?

Solution

(a) The seried an divergesby the Comparison Test.

(b) No conclusion can be made about the seyiean.
It may converge or it may diverge. Indeed,

e if ay = 3hp, then the serie§ " an divergesby the Limit

Comparison Test since lia, /bn) = 150 and)_ bp

2
diverges;

e Whereas ifa, = min[(%)n , bn}, then the Geometric

n
Series Theorem implies a, < Y (%) = 1 andthus
the series an convergedy the Comparison Test.
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o0
Determine whether the serig (nﬁ =

) converges.
n=1

Solution

Letay, = 1/n¥? andby = 1/n3. SinceA =Y a, andB = Y by

are convergenp-series f = % > 1 andp = 3 > 1, respectively),
our seriesy  (2an + 3bp), convergesgo 2A + 3B by the sum laws
for series in Section 13.2.
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o0
Determine whether the serigs ] converges.
-1

n2 +

5.

Solution

This seriexonvergedy the Integral Test since

/100 (tan‘lx’tl) (tan—lt - %) -

1

_ = lim
x2+1

t—o0

dx = lim
t—o0
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o0
Determine whether the serids - is convergent.

n=2
Solution
: 1 1 1 1.
Smce\/ﬁ_1 > Wi mforn zZandZmlsa
divergentp-series p = 1< 1), the seriesi = diverges
2= —yn-1
by the Comparison Test.
604/18
142"
Determine whether the seri@s an = ——— is convergent.
25en nX_; 13 9

Solution
. . on 2 n .
e Essentiallysincean ~ = (§> = bp and the (geometric|

series) by converges, our seriés, an alsoconvergedy the
Limit Comparison Theorem. [Here the symbelmeans
“is similar to” or “behaves like” for large values of]

n
More formally, letbp = (%) . Then a:n — oo we have

1n
an_ (1+2n)3n_3n+6n_ (§> +1

b_n T @+3m2n T onyen (%>n+1
Smce; b, converges by the Geometric Series Theorem
(Ir| = § < 1) and the behavior of  a, and>_ by, are similar

by the L|m|t Comparison Theorem, we conclude that the
seriesy  an converges

—1>0.

MATLAB Examples
s603x01

1

——=dx.
X1.3

l [e.8]
Draw a picture to show thaZ: 33 = /
1

What can you conclude about the series?

Solution

The sums = Z +3 of the areas of the rectangles is less than

areaf;” -5 d T10 under the curve. Therefore, thisseries

Stewart 603/1
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%

% Stewart 603/1

%

Ln = rsum(@f, 1, 7, 6, 1);
title('Stewart 603/1’)

I =int(1 / x"1.3, x, 1, inf)
| =

10/3

%

echo off; diary off
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o0

2.

n=1
to approximate its surs. Estimate the error.

1

Use the first 10 terms of the serigs = _—
Bs an " 1 n2

Solution

e An estimate of the sum B~ sj9 = Zﬁozl an ~ 0.5680.

e The errorRyg = s — s1¢ satisfies

o0 1
Rlof/
1

0 Xx4+x?
e Aslightly looser upper bound on the errdauf one that's
easy to compute by hahi$ obtained as follows.

1 1 —
l—O—EHan 10~ 3.3135x10°%,

0 1 >* 1 q
Rip < _ — dx
10_/10 x4 4 x2 /10 x4
t
= lim (—%x—?’)‘
t—o00 10
. 1 1
= lim _——
t—oo \ 3000 3t3

1 _
—— ~333x10%

3000

%
% Stewart 604/29
%
n=110;a=1. (n4 + n"2); s _10 = sum(a)
s_10 =

0.5680
%
syms n x

UR10 = int(1 / (X4 + X°2), x, 10, inf); pretty(U _R10)
- 1/2 pi + atan(10) + 1/10
% (via partial fractions)
eval(U _R10)
ans =
3.3135e-04

echo off; diary off

the

X__
(p=13> 1) converges.



