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10 Infinite Sequences and Series

10.4 Other Convergence Tests
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Summary
Alternating series and tests regarding them

An alternating series>_ (—1)" by, is a series whose terms are
(ultimately) alternately positive and negatin® (> 0 forn > N).

The Alternating Series Test (AST) If bn > bpy1 > 0 for
n > N andb, — 0 asn — oo, then>_ (—1)" by converges.
(We writebp, | 0 to signify that theéb, decrease to 0 in the limit.)

The Alternating Series Estimation Test (ASET) Suppose that
S (=1)X by is an alternating series that converges.tbet s, be
its n" partial sum. Then thet" remaindeR, = s — s, satisfies
|Rn| < bp41. In other words, the magnitude of the error does n
exceed that of the first neglected term.

Absolute and conditional convergence

e An absolutely convergenteries) | an is one whose series
of absolute valuey_ |an| converges.

¢ A series isconditionally convergentif > a, converges but
> |an| diverges.

e THEOREM : If a series)_ an, is absolutely convergent,
then it is convergent.

The Ratio Test
Letlimp— o0 [an+1/an| = L > 0. There are three possibilities.
e If L < 1, then> an converges absolutely

e If L > 1orL = oo, then> a, diverges.

e If L =1, the test isnconclusive
The Root Test
Letlimp— oo «/lan] = L > 0. There are three possibilities.

e If L < 1,then> an converges absolutely

e If L > 1orL = oo, then}  a, diverges.

Boosting the power of the Root Test

Generalized Fun Fact (GFF) Let p(n) =

chn be a

polynomial inn with ¢, > 0. Then I|m \/p(n =1.

o Forexample, lim Von3 — 1502 + 11n — 8 = 1.
“In the fullness of time, all the nastiness goes away.”

Stirling’s Formula  Asn — oo, we haven! ~ +/2nz (n/e)".
v2nz (n/e)n

In other words, lim & =1.

n—oo n!
Hand Examples
611/4
Test the convergence of the series

1 1 n 1 1 n 1

In2 In3 In4 In5 1In6
ot
Solution
Sinceby, = ——— | 0, the given alternating seriesnverges
n=1s N+ d g g g

by the Alternating Series Test (AST).

611/6

n=1 +1

Solution

Since limay # 0, the serieslivergeshy the Divergence Test from
Section 10.2. (The sequence of teraasliverges by oscillation.)

611/8
Inn
Test the convergence of the serE -H"—
n
n=1
Solution
Innpey . 1/n
Now I|m —_— L:H lim L — Oanda— (Inx) — 1—|£1x <0
-0 N n—oo X

Inn
forx > 3. HenceT l 0. So the seriesonvergedy the AST.
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Determine whether the sen% o is absolutely convergent,
n=1

e If L =1, the test isnconclusive

conditionally convergent, or divergent.



Solution

The seriezonverges absolutelyy the Ratio Test.

n+1 |
im |20+ gim (2 M) 2 im —0<1
n— oo n—oco\ (n4+ 1! 3" nbocon41
611/22
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Determine whether the seng an = z =D vn is

n+1
n=1
absolutely convergent, conditionally convergent, or divergent.

Solution

The seriezonverges conditionallgince it converges by the AST]
but>’ |an| diverges by the Limit Comparison Test. Here are the
details regarding these two assertions.

. n 1
o First, nfl = = 0 asn — oo. Next,
d [(x¥2) x+D(EGxY2)-x2() 1-x 0
N — = <
dx \ x+1 (x+1)2 2X (x 4+ 1)2

forx > 1. SoX

21 4 0 and the seriesonvergedy the AST.

e HoweverY |ag| =3 W‘/ﬁl ~Sbh=3 n1—1/2 whence
Z lan| divergesby the Limit Comparison Test since
S % is a divergenp-series p = 3 < 1). [Observe that

|an| n 1
asn — oo, we have— = =
n+1 141

b —1>0]

Example A

o0
Determine whether the seri€s e "n! is absolutely convergent,

n=1
conditionally convergent, or divergent.

Solution

The serieslivergesby the Ratio Test. Note thaf "n! = —

. . n+1)! " . n+1
lim ‘@ = lim ((L).—)z lim + =
n— oo n— oo eh+1 n! n—oo @
611/24
( 1)n+15n 1

Determine whether the sem% an = z T is

absolutely convergent, conditionally convergent or divergent.

Solution

The serieglivergedy the Root Test (& GFF) or via the Ratio Test.

4 4
>/ SA

Json+1? 1

V]an| = lim

lim
n—oo n—oo
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> cos(nz /6) .
2 Thgm e

absolutely convergent, conditionally convergent, or divergent.

Determine whether the serieE: an =

Solution

Now > |an| < . % a convergenp-series = % > 1).
Therefored |an| converges by the Comparison Test from
cos(nz /6)

Section 10.3. Henc E
~

n=1

is absolutely convergent

Example B

_1\h
Determine whether the sen% an = z ( ) is absolutely

convergent, conditionally convergent or d|vergent

Solution

The seriey_ an converges by the AST, bt |an| diverges by the
Integral Test. Henc®_ an, is conditionally convergentHere are
details regarding these assertions.

e Clearly,bn = |an| = #jry 4 0. So the alternating series
> an converges by the AST

e However,Y_ |an| diverges by the Integral Test since

/2 xInx t|l>moo (In (i) }2)

lim (In(nt) —In(n2)) = o0
t—>o0
e Therefore)_ an is conditionally convergent

dx

Example C

o
. . (="
Determine whether the seri€s ap = —
>, n§2 (tam1n)"
absolutely convergent, conditionally convergent, or divergent.

Solution

The series converges absolutely via the Root Test.

I|m vlan 1 2

/2

n—mm T
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The serieS_ an is recursively definedby

(24 cosn) an
J/n

Determine whether it converges or diverges.

a;=1, forn> 1.

ant1 =

Solution summation is 0, not 1.) Notice how rapidly the series converges.
Indeed, the seriesonverges absolutelyy the Ratio Test. T 0 1 2 3 4
—5 —7
(2 + cosn) an (2(N n 1))! 0.5| 0.417| 0.0014| 2 x 10 3x 10
. ant1| J/n _ 2+4cosn|
n“_>moo ‘ an | n'L)moo an = n|—>oo ‘ NG 0<1 . Stewart 611/16
' e Sequence a,
e & Partial sums s
MATLAB Examples 05 H * *
s$611x12 0 ® *
o] n+1 -0.5 L]
. (-1 .
How many terms of the seri€d | ——,— do we need to add in
o ! T o5 1 15 2 25 3
order to find the exact susito within an error ok = 10~3? korn
%
Solution % Stewart 611/16
%
% Sequence a
The A_Iternating Series Estimation Theorem (ASET)_says that the Z": 0:3: a = (1)"n J factorial(2. “n);
magnitude of the error does not exceed that of the first neglected  plot(n,a'bo’, "MarkerFaceColor’, ‘b, .
term of the series. xlabel?’/lkarkg:sar?)’ 2
title('Stewart 611/16’)
1 want 3 1 grid on; hold on
IRNIS ——— < e=107=_— %
(N + 1) 103 % Partial sums s
4 %
103 < (N + 1) SDZ cumsum(a);
4 ~ plot(n,s,’rp’, 'MarkerFaceColor’, 'r', ...
N = 103/ -1~ 462 "MarkerSize’, 7)
legend('Sequence a k', 'Partial sums s n,
So chooséN = 5 = ceil (4.62) terms. (Recall that indices are axis(['(')-oga_tilonll S'B‘Ofth')
positive integers.) In this case we haje~ 0.9475; that is, % ’
s =0.9475+ 0.001. % Approximate sum of infinite series: s 4
%
sli4 = s(4)
% s4 =
0.5403

Stewart 611/12

N = ceil( 10°(3/4) - 1)
N =
5
n = LN; a = (-1)."(n+1) ./ n. 4,
s_.5 = sum(a)
s5 =
0.9475

echo off; diary off
s611x16

— (-D"
Estimate the sum of the seri§: @
n=0 ’

to within an error o = 5 x 10~°. lllustrate by graphing the

to 4 decimal places; i.e

terms of the sequence as well as the partial sums of the series

D .

Solution

The ASET says that the magnitude of the error does not exceed
that of the first neglected term of the series.

want 5
< €e=5x%x10

1
IRNE< G

From the table below, choo$¢ = 3 terms. In this case we have
sa &~ 0.5403. (Yes, the ® partial sum: the lower index of

%

echo off; diary off



