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Summary

Definition

A power seriescentered atx = a (or abouta) has the form

∞∑
n=0

cn (x − a)n

where thecn are constantcoefficientsandx is a variable. The
series may converge for some values ofx, yet diverge for others.

For a particular power series, there are exactly three possibilities.
The first two of these are common, whereas the third case is very
unusual (and not interesting).

THEOREM

1. There is a positive real numberR, called theradius of
convergence, such that the seriesconvergesfor |x − a| < R
anddivergesfor |x − a| > R. Theinterval of convergence
I is finite and has one of four forms, depending on whether
the series converges at the interval’s left endpoint, right
endpoint, both, or neither.

aa − R a + R

Divergence
Convergence

Center

2. The seriesconvergesfor all realx. Its radius of convergence
is R = ∞ and its interval of convergence the entire real line.

3. The series converges (to 0)onlyat x = a. Its radius of
convergence isR = 0 and its (degenerate) interval of
convergence isI = {a}, a single point.

Hand Examples

617/6

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=1

(−1)n xn

3
√

n
.

Solution

• For the series to converge by the Ratio Test, we need

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣ xn+1

3√n + 1
·

3√n

xn

∣∣∣∣∣ = lim
n→∞

|x|
3
√

1 + 1
n

= |x| < 1.

Therefore,R = 1 and the center ofI is x = 0.

• At x = −1, the left endpoint ofI , the series is
∑ 1

n1/3 ,

a divergentp-series (p = 1
3 ≤ 1).

• At x = 1, the right endpoint ofI , the series is
∑ (−1)n

n1/3 ,

which converges by the AST since1

n1/3 ↓ 0.

• Therefore,I = (−1, 1].

617/10

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=0

n2xn

10n .

Solution

• For the series to converge, the Root Test (together with the
GFF) requires

lim
n→∞

n
√|an| = lim

n→∞

n
√

n2 |x|
10

= |x|
10

< 1 or |x| < 10.

Therefore,R = 10 and the center ofI is x = 0.

• At x = −10, I ’s left endpoint, the series is
∑

(−1)n n2,
which diverges by the Test for Divergence due to the fact that
lim

n→∞ (−1)n n2 6= 0.

• At x = 10, the right endpoint ofI , the series is
∑

n2, which
diverges by the Test for Divergence since lim

n→∞ n2 6= 0.

• Therefore,I = (−10, 10).

617/12

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=1

(−1)n x2n−1

(2n − 1)!
.

Solution

• For the series to converge by the Ratio Test, we need

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣ x2(n+1)−1(
2 (n + 1) − 1

)
!

· (2n − 1)!

x2n−1

∣∣∣∣∣
= lim

n→∞
|x|2

(2n) (2n + 1)
= 0 < 1.

Since this is true forall x , we haveR = ∞ andI = R,
the entire real line.
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Example A

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=1

nnxn.

Solution

For the series to converge by the Root Test, we need

lim
n→∞

n
√|an| = lim

n→∞ (n |x|) < 1.

This holdsonly for x = 0 (in which case the limit is 0). Therefore,
R = 0 andI = {0}.

617/14

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=1

(x − 4)n

(5n) n
.

Solution

• The series converges via the Root Test (w/ GFF) provided

lim
n→∞

n
√|an| = lim

n→∞
|x − 4|
5 n
√

n
= |x − 4|

5
< 1 or |x − 4| < 5.

Therefore,R = 5 and the center ofI is x = 4.

• At x = −1, the left endpoint ofI , the series is
∑ (−1)n

n ,

which converges by the AST since1n ↓ 0.

• At x = 9, the right endpoint ofI , the series is
∑ 1

n ,
a p-series (p = 1 ≤ 1) which diverges.

• Therefore,I = [−1, 9).

Example B

Find the radius of convergenceR and interval of convergenceI

for the power series
∞∑

n=1

(−3)n (x − 1)n
√

n + 7
.

Solution

• For the series to converge by the Root Test (w/ GFF),
we need

lim
n→∞

n
√|an| = lim

n→∞
3 |x − 1|( n√n + 7

)1/2
= 3 |x − 1|

1
< 1 or |x − 1| < 1

3.

Therefore,R = 1
3 and the center ofI is x = 1.

• At x = 2
3, I ’s left endpoint, the series is

∑ 1√
n+7

, which is

asymptotically similar to the divergentp-series
∑ 1√

n

(p = 1
2 ≤ 1). Hence

∑ 1√
n+7

diverges by the Limit

Comparison Test since
an

bn
=

√
n√

n + 7
=

√
1

1 + 7
n

→ 1 > 0.

• At x = 4
3, the right endpoint ofI , the series is

∑ (−1)n√
n+7

,

which converges by the AST since1√
n+7

↓ 0.

• Therefore,I = (2
3, 4

3

]
.

MATLAB Examples

s617x21

The functionJ1 defined by

J1 (x) =
∞∑

n=0

(−1)n x2n+1

n! (n + 1)!22n+1

is called theBessel function of order1.

• Find its domain.

• Graph the first several partial sums on the same figure.

• If your CAS has built-in Bessel functions, graphJ1 on the
same figure as the partial sums in part (b) and observe how
the partial sums approximateJ1.

Solution

For the series to converge by the Ratio Test, we need

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
= lim

n→∞

∣∣∣∣∣ x2(n+1)+1

(n + 1)! ((n + 1) + 1)!22(n+1)+1
· n! (n + 1)!22n+1

x2n+1

∣∣∣∣∣
= lim

n→∞

∣∣∣∣∣ x2n+3

(n + 1)! (n + 2)!22n+3 · n! (n + 1)!22n+1

x2n+1

∣∣∣∣∣
= lim

n→∞
|x|2

4 (n + 1) (n + 2)
= 0 < 1.

This is true forall x . The domain ofJ1 is R, the entire real line.
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%
% Stewart 617/21: J 1 and some of its partial sums
% (or, "The party’s gone out of bounds..." - the B-52s)
%
% Partial sums of J 1, Bessel function of order 1
% (This segment of code is obscure; don’t sweat it!)
format rat
c = zeros(1,12); T = zeros(6,12);
n = 0:5;
c(2 * n+2) = (-1).ˆn ./ ...

( factorial(n) . * factorial(n+1) . * 2.ˆ(2. * n+1) );
c = fliplr(c);
c’; % an interim check...
for k = n

T(k+1,:) = c;
T(k+1, 1:10-2 * k) = 0;

end
format short
%
M = zeros(6,100);
x = linspace(-8, 8);
J1 = besselj(1, x);
for j = n+1

M(j,:) = polyval(T(j,:),x);
end
plot(x,J1, x,M(1,:), x,M(2,:), x,M(3,:), ...

x,M(4,:), x,M(5,:), x,M(6,:))
grid on; hold on
% (Used initially to identify the players)
% legend(’J 1’, ’s 1’, ’s 3’, ’s 5’, ...
% ’s 7’, ’s 9’, ’s {11}’, ’Location’, ’South’)
plot(x,J1, ’LineWidth’, 2)
plot([-8 8], [0 0], ’k’, ’LineWidth’, 1)
plot([0 0], [-2 2], ’k’, ’LineWidth’, 1)
axis([-8 8 -2 2])
set(gca, ’Xtick’, -8 : 4: 8)
set(gca, ’Ytick’, -2:2)
xlabel(’x’); ylabel(’y’)
title(’Stewart 617/21: J 1 Bessel function and approximations’)
%
text(8.6, 0.3, ’J 1’, ’HorizontalAlignment’, ’Center’)
text(4.0, 2.1, ’s 1’, ’HorizontalAlignment’, ’Center’)
text(4.8, 2.1, ’s 5’, ’HorizontalAlignment’, ’Center’)
text(6.1, 2.1, ’s 9’, ’HorizontalAlignment’, ’Center’)
text(-4.0, 2.1, ’s 3’, ’HorizontalAlignment’, ’Center’)
text(-5.3, 2.1, ’s 7’, ’HorizontalAlignment’, ’Center’)
text(-7.0, 2.1, ’s {11}’, ’HorizontalAlignment’, ’Center’)
%

echo off; diary off
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