Fall 2007 Math 253 Final Exam Solutions Thu, 13/Dec/2007

1. e The parameter value correspondingRd@3, 0, 2) ist = 1.
o Withr (t) = [14 2Vt t3 —t,t3 +t], we haver’ (t) = [t71/2,3t2 — 1,3t + 1]. Thusv =1’ (1) =[1, 2,4].
e A parametric representation of the tangent line @) =[x (U), y(U),z(UW)] =P+ uv =[u+ 3,2u, 4u + 2].

e Now 0= z(u) = 4u + 2 impliesu = —3, whencelL (—3) = [3, —1, 0] is the position vector of the point of
intersection of the tangent line with txg-plane.

2. e SolveO=1V f = [3x2 — 8y, 81y? — 8x] to obtain critical pointg0, 0) and (2, £).
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e At (0, 0), the LPMDs arg0, —64}, which indicates a saddle point. Als6,(0, 0) = 0.

o At (%, 2), the LPMDs arg %2, 192}, which signifies a local minimum. Alsd, (2, 2) = —22 ~ —0.70.

e The Hessian i1 = [ ] and the LPMDs ar¢6x, 972xy — 64}.

3. e Letx,y, zrepresent the length, width, and height of the aquarium.vbheme isxyz = 160, whence = 16y°

e The cost isC = 5xy + 1(2xz + 2yz) = 5xy + 32 ¢ 320 after substituting foe.
e Solve0= VC = [Sy 320 Bx — 3220] to obtainx = y = 4 ft. Thenz = 10 ft.
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e Sincex, y > 0, as(x, y) approaches the coordinate axes (the boundary of the firdtani, we haveC — oo.
Therefore, the minimum cost & (4, 4) = $240.

e [Lagrange multipliers also work.]

4. e When the cardioid intersects the line, we have 8sind = 6/sin¢, whenced = %, %”

e The area isA = f5”/6 f;?n?ne 1rdrdd =4 (9J§ + 87r) ~ 16288 cn?.

5. e Solve 1+ /X = %x + 1 to obtainx = 0, 9. Observe (from the picture or analytically) that the cuige above
the line.

e The massisn= [[,ddA = fogfxl/zﬁxydydx = 1853~ 46.58.

e The center of mass is .
[%, 9] = & [[5 0% Y] dA = s Jo Josia xy[x. y] dydx = [27, 482] ~ [5.20, 2.99].



6. e The radius of the circular arc is 9. Parameterize said agags= [9 cost, 9 sint], %n <t< %n.
e The mass g, dds = fabé(g ®) g @ dt =
e The composition i9 (g (t)) = —9sint.
e The vector derivative ig (t) = [—9sint, 9 cost].
e Its magnitude iglg (t)|| = 9.

o Thereforex = [~/ —81sint dt = 81v/2 ~ 11455 grams.

7. e TheworkdoneisV = [w.dg= fabw(g (1) -g (1) dt = .
e The composition isv (g (t)) = [€', In (t + 1), tam* t].
e The vector derivative ig (t) = [3t?, 2t, 1].
e The dot product isv (g (t)) - g (t) = 2t In (t + 1) + 3t2%€' 4 tan't.
e Hencex = [ 2tIn(t + 1) + 3t% +tanltdt = 3e+ iz — & — 1In2~ 3.09 joules.

8. e Recallthaz = f (x,y) = VX + V.
¢ An equation of the tangent plane is givenby zy = fy (Xo, Yo) (X — Xo) + fy (X0, Yo) (Y — Yo)-
—1 =
Pt whereasf, o
e Thuszo= f (3,0)=2, f,(3,0) = 3,and f, (3,0) = 1.
e Therefore, an equation of the tangent planeis2 = (x —3) + 1(y —0)orz=Ix + y + 2.
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9. e The boundary surface @osed. Apply the Divergence Theorem and save yourself a lot of work
We havef[w-dS= [[[cdivwdV =~

e The shadow region in they-plane is the circular disk? + y? < 16,z = 0. Its radius is 4.
e Nowdivw =2, sox = [ [ [1°2r dzdr df = 256¢ ~ 804.25.

10. e By drawing a picture of the region of integration, we may egsritas < y < x2,0 < x < 2.
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e Accordingly, the integral becomg:,fg2 foxz VZ% dydx = £ (5¢* — 1) ~ 90.66.

11. The volume i&/ = [[[.1dV = [Z* [7 [?1p?sing dp d¢dd = 2x? (z% — 6) ~ 2546 cnT.



