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13 Multiple Integrals

13.11 Change of Variables in Multiple
Integrals

Tue, 23/Mar ©2004, Art Belmonte

Summary
Framework

LetR{, andR} be copies oh-dimensional space. (For example
whenn = 2, we might speak of the,w,-plane andkix»o-plane,
or theuo-plane andy-plane.) Suppose th& c R} andS c R},
are measurable subsetsRIf. (That is, forn = 1, the subsets hay
length; forn = 2, they have area; for = 3, volume; etc.) Now le
T : R}, — R} be a continuously differentiable one-to-one trang
formation whose inverse transformatidn! is also continuously
differentiable. Suppose that(S) = Q;i.e., T mapsSontoQ in a
one-to-one fashion.

Define the square x n Jacobian matrix J, a matrix of first-order
partial derivatives, as follows.

0X1/0w1 0X1/0w2 0X1/0wn
0X2/0w1 0X2/dw2 0X2/0wn
6Xn/6w1 6Xn/6w2 6Xn/6wn

TheJacobian [determinant] is the determinant of the Jacobian
matrix.

Finally, let f be continuous 01Q.

Change of Variables Formula for Multiple Integrals

/ f(x)dx:/ f(T (w)) |detd)| dw
Q S

(These aren-fold integrals; e.g., triple integrals when= 3.)

Hand / MATLAB Examples
The summary described the general case for change of variak

In these examples, we’ll examine typical cases: when?2
(double integrals) on = 3 (triple integrals).

Example A: Polar coordinates revisited
Herex =r cosf andy = r sind. Therefore,

[ ) )

sing
Thus|det| = |r cof6 +r siif6| = |r| =r, under the proviso
thatr > 0, which is conventional for polar coordinates. Hence

// f(x,y)dxdy:// f(r cosd,r sing)rdrdég,
Dyy Dro

—r sind
r cost

Xr
Yr

X9
Yo

just like we saw in Section 13.5!

Example B: Cylindrical coordinates revisited

Herex =r cosf, y = r sinfg, andz = z. Therefore,

Xr X9 Xz cosy —-rsind O
J=| V% Yo Yz |=]| sinf rcos®# O
Zr Zg Zz 0 0 1

Thus|detd]| = ‘13+3 (r cOSO +r sinze) =|r| =r, under the
proviso thatr > O for cylindrical coordinates. Hence

/// f(x,y,z)dxdydz:// f(rcos,rsing,z)yrdzdrd,
Dyyz Droz

just like we saw in Section 13.10!

e

Example C: Spherical coordinates revisited

Herex = p sing cosd, y = p sing sind, andz = p cos¢. As we
see in the MATLAB diary file belowjdet]| = p2sing. Thus

/// f(x,y,zdxdydz
nyz

= /// f (p sing cosh, p sing sing, p cosgy) - p2 sing dp d¢ do,
Dpgo
just like we saw in Section 13.10!

%

% Jacobian factor for spherical coordinates

%

syms phi rho theta

T = [rho =sin(phi)
rho = sin(phi)
rho * cos(phi)];

[rho phi theta]

*cos(theta) ...
*sin(theta) ...

\
\

[
J

rho, phi, theta]

jacobian(T,v)

*sin(theta)]
* cos(theta)]
0]

sin(phi)
sin(phi)

*cos(theta), rho
*sin(theta), rho
cos(phi),

* cos(phi)
* cos(phi)
-rho

*cos(theta), -rho
*sin(theta), rho
*sin(phi),

* sin(phi)

J=
[
[ *sin(phi)

J_det = simple(det(J));

pretty(d  _det)

es.
%

sin(phi) rho

echo off; diary off

861/5

Find the Jacobian matrix and determinant of the transformation

T: X=u4+ovo+w, y=U+v—w, Z=U—0+ w.

Solution

1
-1
1

1
1
-1

1
1

The Jacobian matrix is= [
1

]. Its determinant is

11-1)— 114+ 1) +1(-1—-1) = —4.



862/10

Find the image of the circular disk= {(u, v) : u? +0v2 < 1}
under the transformatioh : x = au, y = bo, wherea andb are
positive constants.

Solution

Note thatu = x/a andv = y/b. Hence the image

2 2
g+L<4
a

T(9=Q= [(x,y): 5 <

is an elliptical region.

Stewart 862/10: ...is transformed

Stewart 862/10: Circular region... into an elliptical region.

v

862/12

Use the transformatioh : x = 2u + 3v, y = 3u — 2v to evaluate
the [[o x + y dA HereQ is a tilted square in they-plane with
vertices(0, 0), (3, —2), (5, 1), and(2, 3).

Solution

The inverse imag& ~1(Q) = Sis the square at left below.

Stewart 862/12: Square region S in uv-plane Stewart 862/12: Tilted square Q in xy—plane

v=(3x-2y)/13

N

u=(2x+3y)/13=1
1

0.8

v={38x-2y)/13[=1

u=(2x+3y)/13=0
2
0 05 1 0 1 2 3 4 5
u x

. . X 2 3
The Jacobian matrix] = v =
X]' yu yD 3 —2

determinant-4 — 9 = —13, the absolute value of which is 13.
Sofo x+ydxdy= [[s(x(u,v) + y(u,)) [det(J)| du dv.

, has

1 r1
/ / (5u + v) - 13du do = 39.
0 Jo

862/13

Use the transformatioh : x = 2u, y = 3v to evaluate the
JJgx?dA HereQis the elliptical region 9% + 4y* < 36.

Solution

Substitutex = 2u, y = 3v into 9x2 + 4y2 < 36, then divide by 36

to obatinu? 4+ »2 < 1. Hence the inverse imade 1(Q) = Sis

the circular region depicted at left below. (This transformation is a
special case of that used in 862/10.)

Stewart 862/13: Region S in uv-plane

Stewart 862/13: Region Q in xy—plane

-2 0 2
. . Xu Xo 2 0
The Jacobian matrix], = = , has
=1y v 0 3

determinant and absolute value 6. Therefore,

//QXdedy = //SXZ(U,D)Idet(J)| dudo
//54u2~6dudv

2r 1
= / / 24(r cosd)? -rdrdo
o Jo

= 6r ~ 1885,

where we switched to polar coordinates in the last stage; that is,
Uu=rcost,v =r sind.

862/16

Use the transformation whose inverse transformation is given
by T~1: u = xy, » = xy? to evaluate the integrgfl/,, y2dx dy,
whereQ is the region bounded by the curveg= 1, xy = 2,

xy2 =1, andxy? = 2.

Solution

The inverse imag@ ~1(Q) = Sis the square at left below.

Stewart 862/16: Region S Stewart 862/16: Region Q

25

25

> 15

0.5
0.5 1

15 2 25 0.5 1 15 2 y 25 3 35 4

Solvingu = xy, v = xy? for x andy yieldsx = u2/v,y = v/u.
2 u?

ThusJ = o P

Y , the determinant of which is/2. The

u? u
absolute value of said determinant j®1since 1< » < 2).



Therefore,

// yzdxdy
Q

// y2(u, v) |det(J)| du do
S

2 2 1
/ / (v/u)z-—dudv
1J1 v

3
- =0.75.
4

%
% Stewart 862/16
%

syms u v
w = [u v]
T = [u2/v vlu];

J = jacobian(T,w)

J

[ 2 xulv,
[ -viu2,

-u2v°2]
1/u]

JF = det(J)

JF =

v

* JF, u,1,2), v,1,2)

value = int(int((v/u)"2

value =

3/4

floated
floated
0.7500

eval(value)

%
echo off; diary off

862/20
X+ y
dx dy, whereQ is the region bounded

Evaluate / /
s(x -

by a parallelogram whose boundaries are the straight jires,
y=Xx—1,x+2y=0,andx + 2y = 2.

Solution

LetT~l:u=x-— y, v = X + 2y, an inverse transformation

suggested by the integrand as well as the region. The boundariedraboloidz =

of the regionT ~1(Q) = Sin theuv-plane ara1 = 0,u = 1,
v = 0, andv = 2, a rectangular region.

Stewart 862/20: Region S Stewart 862/20: Region Q

25

2

15

> 1

0.5

0

-0.5
-0.5 0

1.2
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The forward transformation (solving farandy) is

1

T:x 2u+ 1u+1
: U+ -0,y =—=U+ 0.
Ut 3»Y="3473

2

1
Hence the Jacobian b= [ 7 3 } Its determinant is;, the

absolute value of which ié. Accordingly,

2
// XY gxdy = //leet(\])ldudv
Qcos(x—y)
= vdu
o0 Ccosu 3
_ —n 1+sinl 082
3 cosl

%

% Stewart 862/20

%

syms uv

w = [u v];

T =1[2/3 *u + 1/3 *xv; -1/3 *u + 1/3 *V];
J = jacobian(T,w)

J

2/3,
-1/3,

1/3]
1/3]

JF = det(d)
JF =
3

value = simple( int(int(v/cos(u) * JF, v,0,2), u,0,1) );

pretty(value)

2/3 log(1l + sin(1l)) - 2/3 log(cos(1))

floated = eval(value)

floated =
0.8175
%

echo off; diary off

Example A

Use the transformation

Z=I’2

r ro.

T: = —cCcos#, y= —sind,
w w

to compute the volume of the soli@ that lies between the two

x? +y2,z = 4(x? + y?), and the two planes

z=1,z=4.

Solution

The parabolidz = x2 + y? corresponds to the case where= 1,
whereagz = 4 (x2 + y2) corresponds t@ = 2. Asw varies
between 1 and 2, a family of paraboloids sweeps out the solid.
Accordingly the inverse imagé—1(Q) = Sis just a rectangular
box inrdw-space:
1<r<2 0<él<2r, 1<w<?2
In the diary file below, we compute the needful. The volume is
seen to béPr ~ 17.67 cnrv.



Stewart 13.11, Example A: Region Q
Stewart 13.11, Example A: Region S .

%
% Stewart 13.11/Example A
%

syms rtw

T = [r/w xcos(t) riw =*sin(t) r2];

v =[rtw

J = jacobian(T,v)

J =

[ 1/w *cos(t), -riw *sin(t), -riw"2 * cos(t)]
[ 1iw *sin(t), riw *cos(t), -riw"2 *sin(t)]
[ 2 %1, 0, 0]

JF = simple(det(J)); pretty(JF)

3
r
2 -
3
w
value = int(int(int(1 +* JF, r,1,2), t,0,2 *pi), w,1,2);
pretty(value)
45/8 pi
floated = eval(value)
floated =
17.6715

%
echo off; diary off

[You can verify the volume of this solid of revolution by using the
method of washers from Calc 2. Try it!]

864/76

Use the transformation

T: x:uz, y:vz, z=w?
to compute the volume of the soli@ in the first octant that is
bounded by the surfacgx + ./y + +/Z = 1 and the three
coordinate planes.

Solution

The inverse image i ~1(Q) = Sis a tetrahedron inww-space
with vertices(0, 0, 0), (1, 0, 0), (0, 1, 0), and(0, 0, 1). In the
diary file below, we see that the volumeg§ ~ 0.0111 cn?.

Stewart 864/76: Region Q (edge boundaries)

Stewart 864/76: Region S (edge boundaries)

1 1
08 058
06 ,06
w
04 04
02 02 0
0 05
Q 0 0
05
0 05 1 " 05 1
v y

%

% Stewart 864/76
%

Ssyms u v w
T=[u2vVv2 w2

T =
[ U2, vi2, w2]

V = [uv w]
J = jacobian(T,V)

[2%u, 0, 0]
[ 0, 2 v, 0]
[ 0 0 2 *w]

JF = det(d)
JF =
8* Uxvr W

value = int(int(int(1
pretty(value)

floated = eval(value)
floated =

0.0111
%

echo off; diary off

* JF, w,0,1-u-v), v,0,1-u), u,0,1);

1/90



