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13 Multiple Integrals

13.3 Double Integrals

over General Regions

Tue, 24/Feb ©2004, Art Belmonte

Summary

Nonrectangular regions
e A Type | region has the form

D={(X,y):a<x<b,0g1(X) <y =< gX)}.

Itis a region in thexy-plane bounded on the left by the
vertical linex = a, on the right by the vertical ling = b,
below by the curvey = g1(x), and above by the curve

y = g2(X). The double integral of the functioh(x, y) over
b rox)

D may be computed af / f(x,y)dydx

a Jg

1(X)

e A Type Il region has the form

D={(x,y):c=<y=dhi(y) <x < hay)}.

It is a region in thexy-plane bounded on the below by the
horizontal liney = c, above by the horizontal ling = d, on
the left by the curvex = hy(y), and on the right by the curv
X = ho(y). The double integral of the functioh(x, y) over
d rha(y)
D may be computed af / f(x,y)dxdy.
c Jhu(y)

e NOTES: The aforementioned “curves” may be lines. Also
vertical or horizontal boundaries may actually collapse to
single point. Finally, some regions are of both types.

e Let f(x,y) > 0 be continuous o, a Type | or Type |l
region. Then the volume below the surface f (x, y) and

above the regio® in thexy-plane is// f(x,y)dA
D

Properties of double integrals

The familiar properties of single integrals carry over to double
integrals. Lett be a real constant and Iétandg be defined on

D = D1 U Do, the union of two regions of Type | and/or Type I

o//Df—i-gdA://DfdA—l—//ngA
o//DcfdA:c//DfdA

o//fdA:/ fdA—i—/ fdA
D D]_ D2

° // 1dA= A= A(D), the area oD
D

e lfmx<f §MonD,thenmA§// fdA< MA.
D

Hand Examples

Again, use the TAMUCALQMuint menu and themi command
to speed up your work. Try a few by hand to keep in practice.

812/7

Evaluate the double integr%/ xy dAover the region
D
D={(x,y):0=x=<1x?><y=< X}

1%

Solution

Here are the steps involved in the multiple integration. The fact

, that some limits of integration are symbols has no bearing on the
amechanistic dispatch of the integral. We (or MATLAB or your
T1-89) go through the same procedure as for rectangles. Both an
exact answer and an approximation are provided.
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Evaluate the double integrﬂl‘/ x siny dAover the region
D

. IffzgonD,then// fdAz// gdA
D D

D={XxYy):0<y<m/2,0<x < cosy}.



Solution

You know the drill, people.
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1,1
Evaluate the integra/ / v x3 4 1dx dyby reversing the
0 Jyy

order of integration.

Solution

1. First draw a picture of the region of integration!
Stewart 812/40
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2. Now set up and compute your new integral.

1 ,x2 1 2
// Vx3 4+ 1dydx / ny3+1‘§Z dx
o Jo 0 =
1 1/2
3 2
/0 (x +1> X< dx

MATLAB Examples
s812x24
Find the volume of the solid in the first octant bounded by the

circular cylindery? 4+ z2 = 4 and the planes = 2y, x = 0, and,
z = 0. (Make sketches beforehand.)

Solution

Here are two figures. The first shows the boundary curves of the
solid, whereas the second shows the region of integration, which
is the projection of the solid onto they-plane in this instance.

The volume is

2 r2y 1
f[ f(x,y)dA:/ f ,/4—y2dxdy=§6:5%%5.33rrﬁ
D 0 JO

The picture of the shadow region helps us to set up our limits of
integration.

Stewart 812/24: PBCD
( Parametric Boundary Curve Drawing )

Stewart 812/24: Shadow region of integration
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It's easy to draw the 2-D plot of the shadow region. With practice
you can sketch the 3-D plot of the solid. Here is a diary file
showing the computation of the volume integral.

%

% Stewart 812/24s

%

syms X y

f = sart(4-y"2);

%

volume = int(int(f, x,0,2*y), y,0,2)

volume
16/3

floated = eval(volume)
floated =

5.3333
%

echo off; diary off

For those who are interested, here are the MATLAB script M-files
that produced the graphics shown above.



%::: i
% Stewart 812/24a

t = linspace(0, pi/2, 50):

x1 = 0*; yl = 2*cos(t); z1 = 2*sin(t);
X2 = 2*y1; y2 = yl,; z2 = z71;
X3 = X2; y3=0y1+2;23=0*zl
x4 = x3; y4 = yl; = z3;
x5 = 0*x1; y5 = Oy 25 = z1;
x6 = x1; y6 = yl; 26 = z3;

plot3(x1,y1,z1, x2,y2,z2, x3,y3,z3,
x4,y4,z4, x5,y5,25, x6,y6,26)

grid on; axis equal

axis([0 4.5 0 2.5 0 2.5))

%::: nn

% Stewart 812/24b

2]
(-2

fill(xy. r')
axis equal
axis([-0.5 4.5 -0.5 2.5])

grid on




