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13 Multiple Integrals

13.4 Polar Coordinates

Thu, 26/Feb ©2004, Art Belmonte

Summary

Polar / rectangular relationships

y

2 tang = -
X

X=rcosf y=rsing r :x2+y2
If r > 0, we marcHorward along theray = «. If r <0,
we marchbackwardalong said ray.

If 6 > 0, the angle is measuredunterclockwisérom the
positivex-axis (the polar axis). 1§ < 0, the angle is
measuredlockwisefrom the positivex-axis. (This is the

way the ancient Egyptians did it and this is the way we dqit.

For a polar curve = f(0), formx =r cosh = f (6) cosh
andy =r sind = f(0) sing, then computey/dx
parametrically as

dy dy/do

dx  dx/do’

The arc length along a polar curve= f (6) from6 = « to
0 =pis

= L)

Hand Examples

dy>2 /ﬂ (dr>2
do = r24+(—) do
a do

do

Coordinate/angle conversion commands are at the bottom of {
TAMUCALC Vect menu. Theautopolr command is near the toq
of the TAMUCALC FVMD menu.

819/4

Plot the point with polar coordinatés 6) = (2, —n/7). Then
find two other pairs of polar coordinates of this point, one with
r > 0 and one withr < 0.

Solution

Here’s a plot of the point drawn with MATLAB’polar command.

Stewart 819/4

Angles around the outermost circle are measured in degrees
counterclockwise. The concentric circles depict varying nadii
Another pair of polar coordinates for this point with> 0 is

(2,-% +27) = (2, 1—737[) A different pair of polar coordinates

for this point withr < 0is (-2, —% + 7) = (—2, %n).

819/8

Plot the point with polar coordinatés 6) = (2, %n) Then find
the Cartesian coordinates of the point.

Solution
iTj1e rectangular coordinates of the point depicted below are

(X, y) = (r cosd, r sinf) = (2 cosr, Zsin%n) = (—1, Jﬁ)

Stewart 819/8

819/14

hj?he Cartesian coordinates of a point érel, —ﬁ). What are its
polar coordinateg, ), wherer > 0and0< 6 < 277?

Solution

Nowr = /x2 +y2 = /T+3=2andtam = y/x = /3. Since

the point is in the third quadrant, we have= = + %n = %rr.

Hence(r, §) = (2, %‘n).



819/18 819/36

Sketch the region in the plane consisting of the points whose pa@t&td a polar equation of the curve described by the Cartesian

coordinates satisfy & 6 < 7. equatiorx? — y? = 1.

Solution So'ution

Recall thatr can can be negative as well as zero or positive. 5 5 > 1
Therefore, the region is like two infinite slices of pie emanating W& Nave(r cos9)” — (r sinf) =1 orr = 020 —siro

from the pole (origin).

Stewart 819/18

820/37

Sketch the polar curve= 5.

Solution

This is the circle of radius 5 centered at the pole (origin).

Stewart 820/37
90 5

819/20

Sketch theregion ¥ r < 3, -7 <6 < %, inthe plane.

Solution

This is a portion of a circular washer symmetric with thaxis.
Note that the = 3 boundary is1otincluded.

Stewart 819/20 820/ 38

Sketch the polar curve = 37

Solution

This is a line through the pole (origin).

819/30

Find a Cartesian equation for the curve represented by the po
equatiorr2 = 6.

Q

Solution

Take the tangent of each side of the polar equation, then substitM&ATLAB Examp/es

2
tan (r ) = tanf 820/49
y
tan(x>+y?) = 2
( ty ) X Sketch the polar curve= 1 — 2 cos.



Solution

Here is a polar plot. Usautopolr on your TI-89 to replicate it!
(See the TAMUCALC Command Reference for details.)

%

% Stewart 820/49
%

t = linspace(0, 2*pi);
r =1 - 2*cos(t);
polar(t, r, 'c);

%

echo off; diary off

Stewart 820/49
90 3

15
18C -

2N 1 T A3

270

s$820x55

Sketch the polar curve? = 4 cos 2.

Solution
We'll plot r = £2+/cos @ for |6] < Z.

%

% Stewart 820/55

%

t = linspace(-pi/4, pi/4);
rl = 2*sqrt(cos(2*t));
2 = -rl;

polar(t,rl);

hold on

polar(t,r2)

%

echo off; diary off
Stewart 820/55: Look, Ma, it's the infinity symbol!

Example A

Find the slope of the tangent line to the cardioigt 1 + cost at

the point corresponding ® = .

Solution

First expresx andy in terms ofr ando.

X=rcos¥ = (1+ cosH)cosd
y =r siné (1 + cosf) sing
dy dy/do

Now recall that-——= =
dx dx/do
pointisdy/dx = —1. Here is a MATLAB diary file and a plot.

%

% Stewart 13.4/Example A
%

syms t

X = (1+cos(t)) * cos(t);

y = (1+cos(t)) * sin(t);
dy._dx = diff(y,t) / diff(x,t);
my_slope = simple(subs(dy _dx, t, sym(pi/6)))
my_slope =

-1

%

t = linspace(0, 2*pi);

r =1 + cos(t);
polar(t,r,’g’); hold on

%

%

t0 = pi/6;

x0 = (1+cos(t0)) * cos(t0);
y0 = (1+cos(t0)) * sin(t0);
plot(x0,y0,'m*', "MarkerSize’, 12)
%

p = [x0; yOI;

v = [1 1],
arrow(p,0.4*v,’r’")
arrow(p,-0.4*v,’r’)

%

echo off; diary off
Stewart 13.4: Example A
90 2

270

Example B

Find the arc length of the polar curve= 62, 0 < 6 < 2.

Solution
The length of this spiral i§ ((rr2 + 1)3/2 - 1) ~ 92.90 cm.

%

% Stewart 13.4/Example B

%

syms t

r =1tz

ig = simple(sqrt(r'2 + diff(r,t)"2))

. We see that the slope at the desired



ig =
t(1°2+4)7(1/2)

L = int(ig, t, 0, 2*pi);
pretty(L); eval(L)

ans =
92.8962

%

t = linspace(0, 2*pi);

r=1t"2;

polar(t,r)

%

echo off; diary off
Stewart 13.4 / Example B
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