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13 Multiple Integrals

13.6 Applications of Double Integrals
Tue, 02/Mar ©2004, Art Belmonte

Summary

Let D be the region of integratiom, the mass density, ardthe
charge density. Note thég = Ix + ly. The center of mass is als
called the centroid when the density is constant.

| Application | 2-D |
differential dA=dxdy=rdrdé =Jdudv
measure A= [[p1dA  area
total mass m= [/, pdA
electric charge Q= [[podA
moments Mx = [Jp pydA My = [, pxdA
center of mass [X.9] = a [[pp[x.y] dA
moments of inertig Ix = [[p py?dA, Iy = [[p px*dA
radii of gyration x=ly/m, y=Ix/m

Hand / MATLAB Examples

832/2

Electric charge is distributed over the unit disk+ y2 < 1 so
that the charge density és(x, y) = 1 + x2 + y2 (measured in

coulombs per square meter). Find the total charge on the disk|

Solution
The total charge is

2 1
// adA:/ / <1+r2).rdrd9=%n%4.7lcoulombs
D o Jo

%
% Stewart 832/2
%

syms r t
exact _value = int(int((1+r°2) * r, r,0,1), t,0,2*pi);
pretty(exact _value)
3/2 pi
floated = eval(exact _value)
floated =
4.7124

%

echo off; diary off

832/6

Find the mass and center of mass of the lamina (flat plate) tha
occupies the triangular regidd in the xy-plane with vertices

Solution

Here is a plot showing the region and its center of mass (+).

Stewart 832/6

x=4-3y

1 2 4

1 ,4-3y
Themassisn:// pdA:/ / xdxdy
D 0 Jy

the center of mass is
1
— ,y] dA
. / /D pIx, Y]
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M/o/y X[x. y] dx dy
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3 whereas

CM =[x, V]

%

% Stewart 832/6

%

syms x y

m = int(int(x, x,y,4-3%), y,0,1)

m =
10/3

CM

int(int([x,yI*x, x,y,4-3%y), y,0,1) / m
CM =
[ 21/10, 3/10]

%

echo off; diary off

832/10

bounded by the cardioid= 1 + siné and has density = 2.

tSqution

(0,0, (1, 1), and(4, 0) and has variable densip(x, y) = X.

Here is a plot showing the region and its center of mass (+).

Find the mass and center of mass of the lamina (flat plate) that is



Stewart 832/10
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27 pl+sind
Themassisn:// pdA:/ / 2-rdrd6 = 3,
D 0 Jo

whereas the center of mass is

CM=[xy] = %fpo[x,yldA

1 27 pl+sing
= _/ / 2[r cosd, r sind] - r dr do
3r Jo Jo

= [0.3]
%

% Stewart 832/10

%

syms r t

m = int(int(2 * r, r,0,1+sin(t), t,0,2*pi)
m =

3pi

CM = int(int(frrcos(t), r*sin(t)]*2 * r, ...
r,0,1+sin(t)), t,0,2*pi) / m

CcM =
[ 0, 5/6]

%
echo off; diary off

832/21

A lamina (flat plate) with constant density= k occupies a
square with vertice€, 0), (a, 0), (a, a), and(0, a). Fi_nd thq
moments of inertidy andly and the radii of gyratiox andy.

Solution

a a
The mass ism:// pdA:/ / kdx dy= ka’.
D 0 Jo

The moments of inertia are

a a

Ixsz py?dA = / / ky?dx dy= ka*,
D 0 Jo
a a

|y=// ox?dA = / / kx*dx dy= ika*.
D 0 Jo

The radii of gyration are

%
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% Stewart 832/21

%

syms a k x y positive

m = int(int(k, x,0,a), y,0,a); pretty(m)

3
Il

K a”

int(int(y’2 * k, x,0,a), y,0,a); pretty(Ix)

1/3 k

ly = int(int(x’2 * k, x,0,a), y,0,a); pretty(ly)

x_bar _bar

y_bar _bar

%

sqrt(ly/m); pretty(x

sqrt(Ix/m); pretty(y

echo off; diary off
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