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Summary

Framework

Let E ⊂ R
n be a subset ofn-dimensional space,f : E → R a

scalar field and,F : E → R
n a vector field. LetC be a curve in

n-D space, parameterized asg : [a, b] → R
n, such that the range

of g is contained inE, so that the compositionsf ◦ g andF ◦ g are
defined. (Typicallyn = 2 orn = 3 so that we’re in the plane or
3-D space.) There are three types of line integrals we’ll define.

Definitions

1. The line integral off alongC with respect to arc length is

∫
C

f ds =
∫ b

a
f (g(t))

∥∥g′(t)
∥∥ dt.

2. The line integral ofF alongC is

∫
C

F · dg =
∫ b

a
F(g(t)) · g′(t) dt.

If F is a force field, this integral representswork .

3. The line integral off with respect to the scalar variablev is

∫
C

f dv =
∫ b

a
f (g(t))v′(t) dt.

Applications of Line Integrals

Let δ be the mass density andσ the charge density. The center of
mass is also called the centroid when the density is constant.

Application Line Integrals

scalar differential ds = ∥∥g′(t)
∥∥ dt

measure L = ∫
C 1ds arc length

total mass m = ∫
C δ ds

electric charge Q = ∫
C σ ds

moments1 Myz = ∫
C xδ ds

center of mass [ x̄, ȳ, z̄] = 1
m

∫
C [x, y, z] δ ds

moments of inertia2 Ix = ∫
C

(
y2 + z2) δ ds

radii of gyration ¯̄x = √
Ix/m, ¯̄y = √

I y/m, ¯̄z = √
Iz/m

Table Notes

1. Other first-order moments are symmetrically defined.

Mxz =
∫

C
yδ ds, Mxy =

∫
S

zδ ds

2. Other second-order moments are symmetrically defined.

I y =
∫

C

(
x2 + z2

)
δ ds, Iz =

∫
C

(
x2 + y2

)
δ ds

Hand Examples

On your TI-89, you’ll uselis andliv to help you compute the first
two types of line integrals given above, respectively.

882/4 [directed line segment parameterization]

Evaluate the line integral
∫

C xy dswhereC is the directed line
segment fromA (−1, 1) to B (2, 3).

Hand solution

1. From Chapter 11, thedirectedline segment fromA to B is
g(t) = A + t (B − A) , 0 ≤ t ≤ 1.

g(t) = [−1, 1] + t [3, 2] = [3t − 1, 2t + 1]

2. Form f (g(t)) = f (3t − 1, 2t + 1) = (3t − 1) (2t + 1) via
composition. Compute the vector derivativeg′(t) = [3, 2]
and arc length differentialds = ∥∥g′(t)

∥∥ dt = √
13dt.

3. Now put all the pieces together to compute the line integral.
∫

C
f ds =

∫ b

a
f (g(t))

∥∥g′(t)
∥∥ dt

=
∫ 1

0
(3t − 1) (2t + 1) · √

13dt

= 3
2

√
13 ≈ 5.41

TI-89 solution

1. Define f andg via mf. You may automatically parameterize
the line segment viapline2pt, which gives the parametric line
between two points. Testf andg if desired:f(x,y) andg(t).

• mf([x,y], x*y, “f”)

• mf(t, pline2pt([–1,1], [2,3]), “g”)

2. Compute the line integral vialis (Line Integral of a Scalar
field w.r.t. arc length) on theLSI menu (which stands for
Line and Surface Integrals).

• lis(“f”, “g”, 0, 1) returns3
2

√
13, which floats to 5.41.
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882/10 [helix parameterization]

Evaluate the line integral
∫

C x2z dswhereC is part of a helix:
g(t) = [sin 2t, 3t, cos 2t] , 0 ≤ t ≤ π

4 .

Hand solution

1. Form f (g(t)) = f (sin 2t, 3t, cos 2t) = sin2 2t cos 2t via
composition. Computeg′(t) = [2 cos 2t, 3,−2 sin 2t] and
ds = ∥∥g′(t)

∥∥ dt = √
13dt.

2. Now put all the pieces together to compute the line integral.

∫
C

f ds =
∫ b

a
f (g(t))

∥∥g′(t)
∥∥ dt

=
∫ π/4

0
sin2 2t cos 2t · √

13dt

= 1
6

√
13 ≈ 0.601

TI-89 solution Define f andg via mf, then invokelis. [Note
how f is a function ofthreevariables so that the composition
f (g(t)) is defined!]

• mf([x,y,z], xˆ2*z, “f”)

• mf(t, [sin(2*t), 3*t, cos(2*t)], “g”)

• lis(“f”, “g”, 0, π /4) returns1
6

√
13, which floats to 0.601.

882/13

Evaluate the line integral
∫

C x3y2z dzwhereC is the curve
g(t) = [

2t, t2, t2] , 0 ≤ t ≤ 1.

“Hand” solution

1. Form f (g(t)) = f (2t, t2, t2) = (2t)3 (
t2)2

t2 = 8t9 via
composition. [Note: if you definef andg via mf, then you
may compute the composition viacompos(“f”, “g”, t) .]
Next, compute the scalar derivativedz = dz

dt dt = 2t dt.

2. Now put all the pieces together to compute the line integral.

∫
C

f dz =
∫ b

a
f (g(t))z′ dt

=
∫ π/4

0
8t9 · 2t dt

= 16
11 ≈ 1.45

882/37 [work]

Find the work done by the force fieldF(x, y, z) = [xz, xy, yz] on
a particle moving along the curveg(t) = [

t2,−t3, t4] , 0 ≤ t ≤ 1.

Hand solution

1. FormF(g(t)) = F
(
t2,−t3, t4) = [

t6,−t5,−t7] via
composition (usemf andcompos). Compute the vector
derivativeg′(t) = [

2t,−3t2, 4t3], then form the dot product
F(g(t)) · g′(t) = 5t7 − 4t10 via dot.

2. Now put all the pieces together to compute the line integral.

work =
∫

C
F · dg =

∫ b

a
F(g(t)) · g′(t) dt

=
∫ 1

0
5t7 − 4t10 dt

= 23

88
≈ 0.26 J

TI-89 solution DefineF (or w) andg via mf, then invokeliv .
The calculator is not case sensitive, so we usew (think of weight)
to denote a vector field—as opposed to thef used to denote a
scalar field. Here’s an alternative way to define functions using the
FCSmenu (Fields, Curves, and Surfaces). Warning: If you have
an embedded TAMUCALC call (likepline2pt) in your functional
expression, youmustusemf instead (which always works).

• [x*z, x*y, y*z] →w(x,y,z)

• [tˆ2, –tˆ3, tˆ4]→g(t)

• liv(“w”, “g”, 0, 1) returns23
88, which floats to 0.26 J.

MATLAB Examples

882/17

Evaluate the line integral
∫

C w · dg wherew = [
x2y,−xy

]
and

g(t) = [
t3, t4] , 0 ≤ t ≤ 1.

Solution

I’ve also implementedliv in MATLAB.

%
% Stewart 882/17
%
syms t x y
w = [xˆ2*y -x*y];
g = [tˆ3 tˆ4];
li = liv(w,g,0,1); pretty(li) % exact
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-19
---
143

floated = double(li)
floated =

-0.1329
%

echo off; diary off

882/28 [circle parameterization]

Find the work done by the force fieldw(x, y) = [
x2, xy

]
on a

particle that moves once around the circlex2 + y2 = 4, oriented
in a counterclockwise fashion. Explain the result.

Solution

Parameterize the circle asg(t) = [2 cost, 2 sint] , 0 ≤ t ≤ 2π ,
then compute the line integral. The work is zero.

%
% Stewart 882/28
%
syms t x y
w = [xˆ2 x*y];
g = [2*cos(t) 2*sin(t)];
work = liv(w,g,0,2*pi); pretty(work)

0
%

echo off; diary off

The direction of motion is perpendicular to the force field all
along the circular path. So work= ∫

w · g′ dt = ∫
0dt = 0.

The plot below illustrates this nicely.
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Stewart 882/28: Motion perpendicular to force field

882/30 [mass and center of mass along a thin wire]

Find the mass and center of mass of a thin wire in the shape of a
quarter-circlex2 + y2 = a2, a > 0, in the first quadrant. The
linear density along the wire isδ = x + y.

x 

y 

a 

a 

O 

Solution

Parameterize the circle asg(t) = [a cost, a sint] , 0 ≤ t ≤ π
2 ,

then compute the needful.

%
% Stewart 882/30
%
syms a positive
syms t x y
d = x+y;
g = [a*cos(t) a*sin(t)]

g =

[ a*cos(t), a*sin(t)]

m = lis(d,g,0,pi/2); pretty(m) % mass

2
2 a˜

%
w = [x y]*d

w =

[ (x+y)*x, (x+y)*y]

CM = simple( lis(w,g,0,pi/2)/m );
pretty(CM)

[1/8 a˜ (pi + 2) 1/8 a˜ (pi + 2)]
% You just computed two line integrals with
% respect to arc length in parallel, thereby

% pushing LIS beyond its design specifications!

882/33

Find the moments of inertia of a thin wire in the shape of the
upper semicirclex2 + y2 = 1,y ≥ 0, if the linear density at a
point along the wire is proportional to its distance from the line
y = 1; that is,δ = k(1 − y).
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Solution

Parameterize the circle asg(t) = [cost, sint] , 0 ≤ t ≤ π , then
compute the needful. Once again, note the “parallel processing.”

%
% Stewart 882/33
%
syms k t x y
d = k*(1-y);
g = [cos(t) sin(t)]

g =

[ cos(t), sin(t)]

w = [xˆ2 yˆ2]*d

w =

[ k*(1-y)*xˆ2, k*(1-y)*yˆ2]

% Push LIS beyond its design specs!
moi = lis(w,g,0,pi);
Iy = moi(1); Ix = moi(2); I0 = sum(moi);
Ix Iy I0 = [Ix Iy I0]; pretty(Ix Iy I0)

[- 4/3 k + 1/2 pi k - 2/3 k + 1/2 pi k -2 k + pi k]
%

echo off; diary off

Example A

Compute the line integral
∫

C f ds, where f = √
x2 + y2 + z4

andg(t) = [
et cost, et sint, t

]
, −1 ≤ t ≤ 1.

Solution

Look at the fur ball the cat coughed up! In other words,lis is
unable to analytically compute the needed antiderivative and
therefore returns an unevaluated integral. Only floating point will
save you now. You have two choices (see below). [NOTE: When
the TI-89 in AUTO mode fails to compute an integral exactly, it
automatically starts to compute it numerically. This is precisely
what we want it to do!]

1. Float the unevaluated integral withdouble.

2. Uselisn, which computes a line integral numerically using
Simpson’s rule. Type“help lisn” at the MATLAB command
prompt for details.

% Stewart 14.2/Example A
syms t x y z
f = sqrt(xˆ2 + yˆ2 + zˆ4);
g = [exp(t)*cos(t) exp(t)*sin(t) t];
li = lis(f,g,-1,1); pretty(li) % Exact FAILS,

1
/
| 4 1/2
| ((exp(2 t˜) + t˜ ) (2 exp(2 t˜) + 1)) dt˜
|
/
-1

floated = double(li) % so float it with DOUBLE.

floated =
6.0696

%
li1 = lisn(f,g,-1,1,40) % approximations
li1 =

6.0696
li2 = lisn(f,g,-1,1,80)
li2 =

6.0696
err = abs(li1-li2)
err =

3.0376e-06
%

echo off; diary off

Example B [another example of work]

This is Cooper’s Example 11.4 on pages 225–226 (q.v.) done
more cleanly.

Solution

This time the path is given as a table of(x, y)-coordinates. We use
pline2pt to construct the directed line segments from point-to-
point, compute the work on each portion withlivn (as long as
we’re floating things), then add up the results. Again,livn is the
numerical version ofliv .

%
% Stewart 14.2/Example B
% [a.k.a., Cooper’s Example 11.4
% via pline2pt and livn]
%
syms t x y
w = [x*cos(y) x+y];
X = [0 0.1 0.25 0.4 0.54 0.76 0.82 0.93 1];
Y = [0 0.005 0.0312 0.0800 0.1458 ...

0.2888 0.3362 0.4352 0.5];
n = length(X); L = 0;
for k = 1:n-1

g = pline2pt([X(k) Y(k)], [X(k+1) Y(k+1)]);
L = L + livn(w,g,0,1,50);

end
Approximate value of line integral is:

0.9353
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