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Summary

Geometrical idea

Euler’s method numerically approximates the solution of

y′ = f (t, y), y(a) = y0

by following tangent lines at discrete points. Think of tangent line
segments that form the background of adfield7 plot. Figures in
Section 1.4 are illustrative in this regard.

The numerical algorithm

Let [a, b] be the interval over which an approximation to the
solution is desired. (Thust = a andt = b are the initial and final
values of the independent variable, respectively.) Partition this
interval intoN subintervals each of lengthh = (b − a)/N, called
thestep size. Let t0 = a and define

tk+1 = tk + h, for k = 0, 1, . . . , N − 1.

Notice thattN = b and the othertk so-defined are the interior
endpoints of the subintervals. These collectively are the discrete
values of the independent variable.

The initial value of the dependent variable is given by the initial
condition,y(a) = y(t0) = y0. The other discrete dependent
variable values are computed iteratively as follows.

for k = 0 to N − 1

tk+1 = tk + h

yk+1 = yk + h f (tk, yk)

Euler’s method is asingle-stepnumerical solver since it depends
only on data obtained from the preceding step. It is afixed-step
solver since the lengths of the subintervals of [a, b] are all equal.

The error in the approximation

In general, as the step size decreases, so does the error in the
approximation. This error consists of two parts,round-off error
andtruncation error . MATLAB does floating point
computations in double precision, so round-off error is usually not
an issue. The truncation error results from the fact that we are
following the tangent line at a given point in the plane rather than
a solution curve itself. Moreover, there is a truncation error at
each step of the iteration as well as a propagated truncation error
due to errors from previous steps.

The truncation error at each step is proportional toh2. However,
due to propagated truncation error (which can grow exponentially

over time), the maximum total error of the approximation att = b
satisfies the following error bound.
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is a rectangle containing the solution curve. The fact thath occurs
to the first power in the error bound is the reason that we say that
Euler’s method is afirst-order method.

Systems

Euler’s method carries over directly to systems of first-order
equations. We simply write the algorithm in terms of vectors. Let

u′ = f(t, u), u(t0) = u0

whereu = [u1, u2, . . . , un]T is ann-dimensionalcolumnvector.
With thetk defined as above, we have

for k = 0 to N − 1

tk+1 = tk + h

uk+1 = uk + hf(tk, uk)

Hand Examples

We’ll do one problem by hand. Numerical methods are best done
with a computer, so make sure you study the MATLAB examples
below carefully!

Example A

Calculate the first five iterations of Euler’s method for the IVP

z′ = 5 − z, z(0) = 0

Use a step size ofh = 0.1. Here f (t, z) = 5 − z.

Solution

We arrange our hand work in a table.

k tk zk f (tk, zk) = 5 − zk h h f (tk, zk)

0 0.0 0.0000 5.0000 0.1 0.5000
1 0.1 0.5000 4.5000 0.1 0.4500
2 0.2 0.9500 4.0500 0.1 0.4050
3 0.3 1.3550 3.6450 0.1 0.3645
4 0.4 1.7195 3.2805 0.1 0.3281
5 0.5 2.0476 2.9524 0.1 0.2952

MATLAB Examples

Polking’s routineeul implements Euler’s method in MATLAB. It
works for both a single first-order equation as well as for a system
of such equations. Except for trying a couple exercises by hand in
your homework, you will use his routine exclusively.
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Example A [revisited]

Here we replicate the preceding hand work. First make a function
M-file f.mwhich defines the derivativez′ = f (t, z), then write a
script M-file s14eA.mto invokeeul. Notice how little we need to
type: theeul routine rapidly does the work for us. Here are
listings of the function M-file along with the diary files14eA.txt.

Solution

% Function M-file f.m
function zp = f(t,z)
zp = 5 - z;
%==============================
% Diary file s14eA.txt
%
% NSS4-1.4/Example A
%
% Euler’s method; check hand work
tspan = [0.0, 0.5]; z0 = 0; h = 0.1;
[teul,zeul] = eul(@f, tspan, z0, h);
% ˆˆˆ function handle!
% Table of t and z values
tk zk = [teul, zeul]
tk zk =

0 0
0.1000 0.5000
0.2000 0.9500
0.3000 1.3550
0.4000 1.7195
0.5000 2.0476

%
echo off; diary off

M-62/3-i, iii

Find the exact solution of the initial value problem

z′ = z2 cos 2t, z(0) = 1.

Plot this solution over the interval [0, 6] along with the
approximate solution provided by Euler’s method with a step size
of h = 1

8 = 0.125.

Solution

Make a function M-filef.mwhich defines the derivative
z′ = f (t, z), then write a script M-filem062x03a.mto invokeeul.
In the latter, we’ll usedsolveto obtain the exact solution. Here are
listings of the function M-file and diary filem062x03a.txtas well
as the plot.

% Function M-file f.m
function zp = f(t,z)
zp = z.ˆ2 . * cos(2. * t); % array smart!
%==============================
% Diary file m062x03a.txt
%

% M-62/3a: Euler’s method only
%
% (i) Exact solution
sol = dsolve(’Dz = zˆ2 * cos(2 * t)’, ...

’z(0)=1’, ’t’);
pretty(sol)

1
- -----------------

cos(t) sin(t) - 1
%
t = linspace(0, 6, 601);
z = eval(vectorize(sol));
%
% (iii) Euler’s method
tspan = [0,6]; z0 = 1; h = 0.125;
[teul,zeul] = eul(@f, tspan, z0, h);
%
% Plot of exact solution together
% with Euler approximate solution
plot(t,z, teul,zeul,’ro’)
legend(’Exact’, ’Euler’)
%
echo off; diary off

0 1 2 3 4 5 6
0.5

1

1.5

2

2.5
m062x03a   z’ = z2 cos(2t), z(0) = 1

Exact
Euler

Example B

Find the exact solution of the initial value problem

z′ − 2z = xe2x, z(0) = 1.

Plot this solution on the interval [0, 1] along with the approximate
solutions provided by Euler’s method with step sizes
h = 0.2, 0.1, 0.05.

Solution

Remember to write the differential equation in normal form!

z′ = f (x, z) = 2z + xe2x.

Make a function M-file to define the derivativez′ = f (t, z), then
write a script M-files14eB.mto invokeeul. In the latter, we’ll use
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dsolveto obtain the exact solution. Here are listings of the
function M-file and diary files14eB.txtas well as the plot.

As discussed in your lab manual (Exercise M-119/1), if you make
your ODE function M-filearray smart, then MATLAB’s and
Polking’s solvers can accomodate multiple initial conditions!
Accordingly, we will always make our function M-files array
smart. In this regard, you will find thevectorizecommand
helpful. Typically, use it in the command window, then copy its
output into your function M-file.

% Function M-file f.m
function zp = f(x,z)
zp = 2. * z + x. * exp(2. * x); % array smart!
%==============================
% Diary file s14eB.txt
%
% NSS4-1.4/Example B
%
% (i) Euler approximations
xspan = [0,1]; z0 = 1; h = 0.2;
[xeul1,zeul1] = eul(@f, xspan, z0, h);
h = 0.1;
[xeul2,zeul2] = eul(@f, xspan, z0, h);
h = 0.05;
[xeul3,zeul3] = eul(@f, xspan, z0, h);
%
% (ii) Exact solution
sol = dsolve(’Dz - 2 * z = x * exp(2 * x)’, ...

’z(0)=1’, ’x’);
pretty(sol)

2
(1/2 x + 1) exp(2 x)
%
x = linspace(0, 1, 101);
z = eval(vectorize(sol));
%
%
% (iii) Plot of exact solution together
% with Euler approximate solutions
plot(x,z, xeul1,zeul1,’o’, ...

xeul2,zeul2,’s’, xeul3,zeul3,’ * ’)
legend(’Exact’, ’Euler, h = 0.2’, ...

’Euler, h = 0.1’, ...
’Euler, h = 0.05’, 2)

axis([0, 1.2, 0, 12])
%

echo off; diary off
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NSS4−1.4/Example B:   z’ = 2z + xe2x
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Example C

• Use Euler’s method with seven different steps sizes to
approximatey(2), the value of the solution of the initial
value problem

y′ = ty, y(0) = 1

at t = 2. Use step sizesh = 2−m, m = 4, 5, . . . , 10.

• Find the exact solution, computey(2) exactly, then construct
a table similar to Table 3 on page 311 of your textbook.

• Make a plot of the errorEh versus step sizeh. Note the
approximate linear relationship; i.e.,Eh ≈ λh.

• Estimateλ, then determine the step size required to ensure an
error of at most 0.01 when using Euler’s method.

• Use Euler’s method with this step size and check the error at
t = 2.

Solution

Here are the function M-file, diary file, and plot.

% Function M-file f.m
function yp = f(t,y)
yp = t . * y; % array smart!
%==============================
% Diary file s14eC.txt
%
% NSS4-1.4/Example C
%
% (i) Euler approximations
tspan = [0,2]; y0 = 1; h = 0.125;
hcol = []; ecol = [];
for k = 1:7

h = h/2; hcol = [hcol; h];
[teul,yeul] = eul(@f, tspan, y0, h);
dim = size(yeul); n = dim(1);
ecol = [ecol; yeul(n)];
echo off

end
%
%
%
% (ii) Exact solution and errors

3



sol = dsolve(’Dy = t * y’, ’y(0)=1’, ’t’);
pretty(sol)

2
exp(1/2 t )

%
syms t
yxct = double(subs(sol, t, 2))
yxct =

7.3891
%
% (iii) Plot of error verus step size; table too
aerr = abs(yxct - ecol);
plot(hcol, aerr, ’ * ’)
format long
T = [hcol, ecol, ...

yxct * ones(size(hcol)), aerr]
%
T =

Columns 1 through 3
0.06250000000000 6.44037380236993 7.38905609893065
0.03125000000000 6.88449263634241 7.38905609893065
0.01562500000000 7.12849236470764 7.38905609893065
0.00781250000000 7.25660281093182 7.38905609893065
0.00390625000000 7.32227327728956 7.38905609893065
0.00195312500000 7.35552393155165 7.38905609893065
0.00097656250000 7.37225460906787 7.38905609893065

Column 4
0.94868229656072
0.50456346258824
0.26056373422301
0.13245328799883
0.06678282164109
0.03353216737900

0.01680148986278

format short
%
% Table
% (iv) Estimate of the proportionality constant
% and the step size needed to ensure that the
% absolute error is is less that 0.01
L = (aerr(7)-aerr(1)) / (hcol(7)-hcol(1))
L =

15.1468
hest = 0.01 / L
hest =

6.6021e-04
a = 0; b = 2; N = (b-a) / hest
N =

3.0294e+03
% (v) Check whether prediction in (iv) pans out.
h = hest;
[teul,yeul] = eul(@f, tspan, y0, h);
dim = size(yeul); n = dim(1);
eul2 = yeul(n)
eul2 =

7.3777
aerr = abs(yxct - eul2)
aerr =

0.0114
%

echo off; diary off
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Example D

Calculate the first five iterations of Euler’s method for the system

x′ = y, y′ = −x x(0) = 1, y(0) = −1.

Use a step size ofh = 0.1.

Solution

Let u1 = x andu2 = y. Then

u′
1 = x′ = y = u2 and u′

2 = y′ = −x = −u1.

Hence

u′
1 = u2, u′

2 = −u1 u1(0) = 1, u2(0) = −1

or u′ = f(t, u) = [u2; −u1] , u(0) = [1; −1]. Note the use of
columnvectors!

% Function M-file f.m
function up = f(t,u)
up = zeros(2,1); % column vector!
up(1) = u(2);
up(2) = -u(1);
%==============================
% Diary file s14eD.txt
%
% NSS4-1.4/Example D
%
% Euler’s method
tspan = [0.0, 0.5];
u0 = [1;-1]; h = 0.1;
[teul,ueul] = eul(@f, tspan, u0, h);
%
% Table of t, x, and y values
tk uk = [teul, ueul]
tk uk =

0 1.0000 -1.0000
0.1000 0.9000 -1.1000
0.2000 0.7900 -1.1900
0.3000 0.6710 -1.2690
0.4000 0.5441 -1.3361
0.5000 0.4105 -1.3905

%
echo off; diary off
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Example E

Following up on Example D, use Euler’s method with a step size
of h = 0.05 to compute an approximate solution on the interval
[0, 2π ]. Provide plots ofx versust, y versust, andy versusx.

Solution

We also usedsolveto compute the exact solution, which turns out
to have period 2π . Accordingly, anxy-plot of the exact solution
forms a closed loop, whereas the plot of the Euler solution does
not (due to truncation error).

% Function M-file f.m
function up = f(t,u)
up = zeros(2,1); % column vector!
up(1) = u(2);
up(2) = -u(1);
%==============================
% Diary file s14eE.txt
%
% NSS4-1.4/Example E
%
% Euler’s method
tspan = [0, 2 * pi];
u0 = [1;-1]; h = 0.05;
[teul,ueul] = eul(@f, tspan, u0, h);
%
% Plot of x and y versus t
t = teul; % t values
x = ueul(:,1); % x values in 1st col
y = ueul(:,2); % y values in 2nd col
plot(t,x, t,y,’--’); grid on
legend(’x vs t’, ’y vs t’, 2)
%
% Analytical solution
[xx yy] = dsolve(’Dx = y, Dy = -x’, ...

’x(0)=1, y(0)=-1’, ’t’)

xx =

cos(t)-sin(t)

yy =

-sin(t)-cos(t)

t = linspace(0, 2 * pi, 600);
xx = eval(vectorize(xx));
yy = eval(vectorize(yy));
% Plot of y versus x
figure; plot(x,y, xx,yy,’r--’)
grid on; legend(’Euler’, ’Exact’, 2)
%
echo off; diary off
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Example F

Changey′′ + y′ + 25y = 0, y(0) = 4, y′(0) = 0 into a first-order
planar system. Use Euler’s method with step sizes of
h = 0.1, 0.01, 0.001 to compute an approximate solutions on the
interval [0, 2π ]. Provide three plots ofv = y′ versusy (velocity
vs position), one for each step size.

Solution

Let x1 = y andx2 = y′. Thenx′
1 = y′ = x2 and

x′
2 = y′′ = −y′ − 25y = −x2 − 25x1. Thus

x′
1 = x2, x′

2 = −x2 − 25x1, x1(0) = 4, x2(0) = 0.

Here is the function M-file and diary file.

% Function M-file f.m
function xp = f(t,x)
xp = zeros(2,1); % column vector!
xp(1) = x(2);
xp(2) = -x(2) - 25 * x(1);
%==============================
% Diary file s14eF.txt
%
% NSS4-1.4/Example E
%
% First step size and plot of x2 vs x1;
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% i.e., of v=y’ vs y
tspan = [0, 2 * pi]; x0 = [4;0]; h = 0.1;
[teul,xeul] = eul(@f, tspan, x0, h);
y = xeul(:,1); % positions in col 1
v = xeul(:,2); % velocities in col 2
plot(y,v); grid on
%
% 2nd step size plus plot of x2 vs x1;
% i.e., of v=y’ vs y
tspan = [0, 2 * pi]; x0 = [4;0]; h = 0.01;
[teul,xeul] = eul(@f, tspan, x0, h);
y = xeul(:,1); % positions in col 1
v = xeul(:,2); % velocities in col 2
figure; plot(y,v); grid on
%
% Third step size and plot of x2 vs x1;
% i.e., of v=y’ vs y
tspan = [0, 2 * pi]; x0 = [4;0]; h = 0.001;
[teul,xeul] = eul(@f, tspan, x0, h);
y = xeul(:,1); % positions in col 1
v = xeul(:,2); % velocities in col 2
figure; plot(y,v); grid on
%
% Analytical solution
sol = dsolve(’D2y + Dy + 25 * y = 0’, ...

’y(0)=4, Dy(0)=0’, ’t’);
pretty(sol)
%

1/2 1/2
4/33 11 exp(- 1/2 t) sin(3/2 11 t)

1/2
+ 4 exp(- 1/2 t) cos(3/2 11 t)

%

echo off; diary off

Here are the plots. Notice that the largest step size produces
enormous propagated truncation errors, whereas the smaller ones
produce much smaller errors and smoother solution approximate
solution curves.
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