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7 Laplace Transforms

7.3 Properties of Laplace Transforms
Fri, 10/Oct ©?2003, Art Belmonte

Summary

Looking up Laplace transforms in tables is aided by employing
various properties that the Laplace transform satisfies. This al
aids a computer when calculating transforms!

Linearity Property

For constante andp and piecewise continuous functiofisand
g of exponential order, we have{«f + g} = oL {f} + BL{g}.

Laplace transforms of derivatives

Lety® k=0,1,...n— 1, be piecewise differentiable and
continuous functions of exponential order. lyé®) be piecewise
continuous and of exponential orderdfy(t)} (s) = Y(s), then

c{y™}©=s"v© - Xn: s"—kyk-1)q)
k=1
In particular, forn = 1, we have
L{y'} () =sY(s) - y(0),
and forn = 2, this yields
L{y"}(9) =5?Y(s) —sy(0) - Y'(0).

First translation or shifting property

Let f be a piecewise continuous function of exponential order
with transformZ { f (1)} (s) = F(s) and letc be a constant. Then

L{e T} (s)=F(s—c)fors>c

Second translation or shifting property

O’

t>a

¢ , then

If L{f}(s) =F(s) andg(t):{ -a

L{g®)} (s) = G(s) = e 25F(s)

Change of scale property

If L{f}(s) = F(s), then

Relation between Laplace transform and its derivatives

Let f be a piecewise continuous function of exponential order
with transformZ { f (1)} (s) = F(s). Then

L{"T®} ) = (D"FM(9)

In particular, fom = 1 we have

50 L{tf D} () =—F (9

Hand Examples
Example A

Compute the Laplace transformtffor nonnegative integers

Solution

0 o —st 1
E{t}:ﬁ{l}: 1.eStdt = =. Thus
0 S

d ., 1

_ =2 [
ds(S ) S S

3
d -3y _ —4 6
—d—S(ZS ) = 6S =4

n!
and by inductiorC {t"} = ot All are defined fors > 0.

Example B

Compute the Laplace transform pft) = 3 — 5t — 11t3.

Solution

We havel |3 — 5t — 11t3} = 3£ {1} — 5£ {t} — 11C {t3}

1 1 6 3 5 66
=3(=)-5(=)-11(=)=2-=-=.
3(3) 5(52> (s“) s 2
Example C

L{f@b)(s) = éF (g)

Compute the Laplace transform pft) = 2sin3 + 3 cos §.

From the first example in the Section 7.2 lecture handout, we have



Solution

Recall from thebtable on the inside backscover that

L{sinbt} = ——— and/, {cosbt} = ———. Hence
{_}32+b2 {_}32 b2

L{2sin3 + 3cos’} = 2L {sin3} + 3L {cos §}

_5 3 43 S _ 6 n 3s

U243 s24+5  s2+49

s2 425

Example D

For the functiory(t) = e%, verify that£ {y'} (9 =sY(s) — y(0).
HereL {y} (s) = Y(s). Use properties and your table.

Solution
Y(s) =L {eZt} _ andC [y} (s) = £ [2e2t} -2
s—2 ) s—2
— S — — j— /
ThussY(s) — y(0) = s 1= s 53— L{y'} (s)
Example E
For the functiony(t) = sin 2, verify that
L{y"}(s) = s*Y(s) —sy(0) — Y'(0)
HereL {y} (s) = Y(s). Use properties and your table.
Solution
NowY(s) = L{sin2} = d
ow Y (S) {sin 2} 14 an
L{y"} =L{-4sin2} = 2 +24. Thus
2s -8
2
s°Y(s) —sy(0) — Y'(0) = 24 -0-2= 252 =L{y"} (s

Example F
Use properties of the Laplace transform to change the IVP

y' + 5y = t2 + 2t + 3, y(0) = 0, into analgebraicequation
involving Y (s) = L {y(t)}. Then solve foiY (s).

Solution

1. Take the Laplace transform of each side of the DE.

y +5y = t?+2t+3
sY(s) (0)+5Y(s) = 2 2 + 3
y T3 2 s

2. Substitute for the initial condition(s).

2+ 25 + 352

sY(s) + 5Y(s) = 3

3. Solve forY(s), the Laplace transform of.

32 + 2542
Y = S% + 25 +
s3(s+5)

Example G

Use properties of the Laplace transform to change the IVP
y'+y +2y=cos2 +sind, y(0) = -1,y (0) = 1, into an
algebraicequation involvingy (s) = L {y(t)}. Solve forY (s).

Solution

1. Take the Laplace transform gf + y' 4+ 2y = cos 2 + sin X.

3

2 N Y _ _
sY (s)—sy(0)—Yy'(0)+sY(s)—y(0)+2Y(s) = it

2. Substitute for the initial conditions.

2 2
S?Y(S) +5—1+5SY(5) + 1+ 2Y(9) S(°+9+36°+4

(s +4) (s> +9)
) _ S(S2+ 9 +3(s?+4)
(S“+s+2Y(S) +s = i HZ L9
3. Solve forY(s).
S(S2 + 9) + 3(s2 + 4) s

VO = a9 rs+2 Pisi2

MATLAB Examples
Example B [revisited]

Use MATLAB to compute the Laplace transform of
y(t) = 3 — 5t — 11t3.

Solution

It's easy: just uséaplace You may verify other Laplace
transforms the same way.

% NSS4-7.3/Example B
%

syms t

y = 3 - 5% - 11*%°3;

Y = laplace(y); pretty(Y)

5 66
3ls - e - e
2 4

S S



Example H

Compute the Laplace transformef2 (2t + 3) with MATLAB.

Solution
Apply laplace then simplify.

%

% NSS4-7.3/Example H
%

syms t

y = exp(-2*t) * (2*t+3);
Y = laplace(y); pretty(Y)

2 1
-------- R Jp—
2 1+12s
(s +2
Y = simple(Y); pretty(Y)
8 +3s
2
(s +2
Example |

Compute the Laplace transformtofin 3 with MATLAB.

Solution
Here is a diary file.

%

% NSS4-7.3/Example |
%

syms t

y = t*sin(3*t);

Y = laplace(y); pretty(Y)

%
echo off; diary off

Example J

Use MATLAB to change the initial value problem

y’ + 2y + 5y =t2et y(0) = 1, y'(0) = —2, into an algebraic

equation involvingY (s) = L {y(t)}. Then solve folY (s).

Solution

Study this example carefulljt gives a semiautomatic way of
doing what we did in by hand in Examples F and G. Here is th

script M-file.

D

%
% NSS4-7.3/Example J
%
syms s t Ys
y = sym(y(t));
de0 = diff(y,t,2) + 2*diff(y,t) + 5*y ...
- t"2*exp(-t); pretty(de0)
ltde = laplace(de0); % Suppress DE output,
ltde = chiclet(ltde) % then “filter" it.
pretty(ltde)
eq0 = subs(ltde, {’y(0)' 'Dy(0) 3, {1 -21}); pretty(eq0)
Ys = solve(eqO, Ys); pretty(Ys)
%

echo off; diary off

Here is the diary file produced by the preceding script M-file.

%

% NSS4-7.3/Example J

%

syms s t Ys

y = sym(y(t));

de0 = diff(y,t,2) + 2*diff(y,t) + 5*y ...
- t"2*exp(-t); pretty(de0)

/2 \
|d | /d \ 2
[ y® + 2 |- y{®) + 5 y@) -t exp(-t)
| 2 | \dt /
\dt /
Itde = laplace(de0); % Suppress DE output,
Itde = chiclet(itde) % then "filter" it.
ltde =

s*(s*Ys-y(0))-Dy(0)+2*s*Ys-2*y(0)+5*Ys-2/(s+1)"3

pretty(ltde)
2
s (s Ys-y0)-Dy@0 +2sYs-2y0) +5Ys - -
(s+1
eq0 = subs(itde, {’y(0)" 'Dy(0) 5, {1 -2}); pretty(eq0)
2
S(3Ys-1)+2sYs+5Ys- -
(s +1)
Ys = solve(eqO, Ys); pretty(Ys)
4 3 2
s +3s +3s +s+2
3 2
(s+1) (s +2s+5)
%
echo off; diary off
Example F [revisited]
%
% NSS4-7.3/Example F
%
syms s t Ys
y = sym(y(t));
de0 = diff(y,t) + 5%y ...
- (2 + 2% + 3 ); pretty(de0)
/d \ 2
|-- y®OI + 5 y(t) - t -2t-3
\dt /

ltde = laplace(de0);
ltde = chiclet(ltde);
pretty(ltde)



2 2

sYs -yl0) +5Ys - - - - -3Is
3 2
s s
eq0 = subs(ltde, 'y(0), 0); pretty(eq0)
2 2
sYs+5Ys - - - - -3s
3 2
s s

Ys = solve(eqO, Ys); pretty(Ys)

%
echo off; diary off

Example G [revisited]

%
% NSS4-7.3/Example G
%
syms s t Ys
y = sym(y());
de0 = diff(y,t,2) + diff(y,t) + 2*y ...
- ( cos(2*) + sin(3*) ); pretty(de0)

/2 \

d |

[ y@®I + |-y + 2 y(t) - cos(2 t) - sin(3 t)
| 2 | \dt /

\dt /
ltde = laplace(de0);
ltde = chiclet(ltde);
pretty(ltde)

s (s Ys - y(0)) - Dy(0) + s Ys - y(0) + 2 Ys

s 3
2 2
s +4 s +9
eq0 = subs(ltde, {’y(0)y 'Dy(0y }, {-1 1}); pretty(eq0)
s 3
S(sYs+ 1) +sYs+ 2Ys - oo
2 2

Ys = solve(eqO, Ys); pretty(Ys)

s +12s +27s-3s -12

2 2 2

(s +4) (s +9 (+2+s)
%

echo off; diary off




