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7 Laplace Transforms

7.4 Inverse Laplace Transform

Mon, 13/Oct ©2003, Art Belmonte

Summary
Theorem
If f and g are continuous functions whose Laplace transformsg

such thatZ {f} (s) = L{g} (s) fors > a, then f(t) = g(t) for all
t > 0.

Definition
For a continuous functiofi of exponential order whose Laplace
transform isF, we call f theinverse Laplace transformof F

and writef = £~1{F}. (The preceding theorem is what makes
this definition possible.)

Linearity Property

For constants andg and inverse Laplace transforms
L7Y(F}) = f and£1{G} = g, we have

L7HaF + G} = aL H{F} + BL7HG) = of + g

Short table of [inverse] Laplace transforms

#| fo=LHFI® ]| L{f}(=F©

1. 1 -, s>0
=
N !
2. t @, s>0
d
3. sinat ——, s>0
sZJga2
4, cosat —, S>0
sZJlra2
5. eat — . s>a
s—ba
6. e?l sinbt —————, s>a
(s—a*+b
s—a
7. e?l cosbt —————, s>a
(s—a)| +b
n!
8. theat — . s>a
Notes

When computing inverse Laplace transforms strictly with a pet

square, and algebraic manipulation before finally employing table
lookup. On the other hand, the MATLAB Symbolic Math Toolbox
(SMT) commandlaplace computes inverse Laplace transforms at
one fell swoop. In between these two extremes is a middle
ground, where one mimicks hand work semiautomatically with
the newcpf (convert to partial fractions) MATLAB rountine |

wrote for you along the SMT commarcpand This is how

some of theHand Examplesbelow were computed, as shown in
MATLAB files in the MATLAB Examples Naturally the inverse
Laplace transforms were verified vilaplace.

The newcpf routine is automatically available to you on your
&QlcLab account. It also works with the version of MATLAB in
TAMU open access labs as well as the Student Version at home.

Hand Examples

Example A
Compute the inverse Laplace transformyas) = SS
b P - s249°
Solution
We have .
S S
Ly =271 =501 > ! _—5cos3.
) {52+9} $2 432
Example B
. . 1 5—-09s
Find the inverse Laplace transform¥fs) = - — ———.
s®  s24100
Solution
1 4! 1 10 S
Now Y (s) = — - = +9 . Therefore,
© 41 M1 2824102 s2+ 102
-1 _ 1,1 4 1p0-1[ 10 -1 s
M) = e gt | - 30 aile | Y i)

= Lt* — Jsin1a + 9 cos 10.
Example C
) 4s
Compute the inverse Laplace transformygg) = ———.
(s—12+4
Solution
4s—1)+4 (s—-1 2
Now Y (s) = = .
© (s—12+4 (s—1)2+22 (s—1)2+22
Hence ( 1 5
-1 -1 S — -1
Y(s)} =4, —_— 2L a2 2
1c§], Yoy {(5—1)2+22}Jr {(s—l)2+22}

we typically use partial fraction decomposition, completing the

= 4e' cos2 + 2¢e!' sin 2.



Example D
. . 5-2s
Find the inverse Laplace transform¥fs) = ———.
s2—-2s+5
Solution
We have
Y(s) = 2s-1)+3 5 (s—1) 3 2
(s—12+22 " (s— 1)2+22 2 (s—1)2+22
Thus 5—1)
L7y () =—2c71
e {(s 1>2+22} {<s—1>2+22}
= —2¢e'cos2 + 3€' sin 2.
Example E
. 4s+ 15
Calculate the inverse Laplace transformyag) = ;.
252 + 3s
Solution
First splitY (s) into a sum of partial fractions.
4s+15  a n b
s2s+3) s 2s+3
4s+15 = a(2s+3)+bs
4s + 15 (2a+b)s+ 3a

So2a+b=4and & =15.
ThereforeY (s) = — —

Thusa =5andb =4 — 2a = —6.

25+3 s s— -3

S
1 1

—1{—}—31:—1 = 1=5-3e%
S S — _7)

MATLAB Examples

. Hence

£71{Y(s)} =5¢C

You may check any inverse Laplace transform directly with
ilaplace, with or without first computing a partial fraction
decomposition.

Example E [revisited]

45+ 15

Calculate the inverse Laplace transformyag) = ———.
252 + 3s

Solution

Here we usepf to help with partial fractions. Then we take the
result (and the original form of (s)) and compute the inverse
Laplace transform. Either way, we win!

%

% NSS4-7.4/ Example E

%

syms a b's

q = (4*s+15) / (2*s"2+3*s); pretty(q)

4 s+ 15
2
2s +3s
F = als + b/(2*s+3); pretty(F)
b
a/s + -------
2s+3
pfd = cpf(q.F); pretty(pfd)
6
5/s - -
2s+3

f = ilaplace(pfd); pretty(f)

5 - 3 exp(- 3/2 1)
f = ilaplace(q); pretty(f) % check

5 - 3 exp(- 3/2 t)
%

echo off; diary off

Example F

Compute the inverse Laplace transform of
7s? + 20s + 53
Y(s) =
(s—1)(s2+2s+5)

Solution

Same drill as before!

%

% NSS4-7.4/ Example F

%

syms a bcs

q = (7*s"2+20*s+53) / ((s-1)*(s"2+2*s+5)); pretty(q)

2

7s + 20 s + 53
2
(s-1) (s +2s +5)
F = al(s-1) + (b*s+c)/(s"2+2*s+5); pretty(F)
a bs+c
_____ [ S —
s-1 2

pfd = cpf(q,F); pretty(pfd)

%
%



ilaplace(pfd); pretty(f)

10 exp(t) - 3 exp(-t) cos(2 t)
ilaplace(q); pretty(f) % check

10 exp(t) - 3 exp(-t) cos(2 t)
%

echo off; diary off

Example G
. . S
Find the inverse Laplace transformfs) = — s o
(s+2)%(s*+9)
Solution
And this retires the side!
%
% NSS4-7.4/ Example G
%
syms abcds
q = s/ ((s+2)"2%(s"2+9)); pretty(q)
s
2 2
(s+2 (s +9
F = al(s+2) + bl(s+2)"2 + (c*s+d)/(s"2+9); pretty(F)
a b cs+d
_____ B
s+ 2 2 2
(s + 2 s +9
pfd = cpf(q.F); pretty(pfd)
- 5/169 s + -
1 1
5/169 ----- - 2/13 - R
s + 2 2 2
(s + 2) s +9
xpfd = expand(pfd); pretty(xpfd) % to aid in hand work
1 1 s 36
5/169 ----- T J— - 5/169 ------ H o e
s+ 2 2 2 169
(s +2) s +9
%
f = ilaplace(xpfd); pretty(f)
12
(5/169 - 2/13 t) exp(-2 t) - 5/169 cos(3 t) + --- sin(3 t)
169
f = ilaplace(q); pretty(f) % check
12
(5/169 - 2/13 t) exp(-2 t) - 5/169 cos(3 t) + --- sin(3 t)
169

%
echo off; diary off

36

169




