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7 The Laplace Transform

7.8 Impulses and The Delta Function
Wed, 08/Mar ©2006, Art Belmonte

Summary
Construction of the delta function

Let p > 0. Recall from 8§76 the translated Heaviside function
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TheDirac delta function centered ap is defined as the limit
Op(t) = lim 5 ().
p(t) i ()

We denoteip by 6. NOTE THAT dp(t) = d(t — p). The delta

“function” is an example of generalized functioor distribution
Colloquially speaking,

Impulse response functions [revisited]

For constants, b, c, the(unit) impulse response functionis the
solutionh(t) to the system represented by the symbolic initial
value problem

ay’+by +cy=6, y(0) =0, y(0=0,

as our usual 4-step procedure shows.

1. a(s?Y(s) — sy(0) — Y'(0)) + b(sY(s) — y(0)) +-cY(s) = 1
2. (@as*+bs+0)Y(s) =1
3. Y(s) = 1/(as® + bs+ c) = H(s), the transfer function;

4. y(t) = h(t), the impulse response function from.g7

Hand Examples
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Evaluate the integra/ e 25(t + 1) dt.
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Solution
The sifting property gives

L.

e 25t — (1)) dt = e 2D = &2,

[ o t#£0,
5(0_[ oo, t=0.
413/10
Physically, it models a force that concentrates a great energy pver

a short duration, such as a hammer hitting a nail or a bat hittin

UBetermine the Laplace transform of the generalized function

baseball. The delta function is known by its properties, which VBs(t — 3).
now discuss.

Solution
Properties of the delta function

We have

In the following p is a nonnegative constamt,a function that is
continuous neap, and f a piecewise continuous function.
Moreover, we definé  f = Iim0 (65 * f). Then
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/_ SpDb(t) dt = /_ St —pptydt = $(p)
L{opM®} = L {5t — p)) e Ps
LioM) = LOM) = 1
d
au(t—a) = J(t—a)
fxd = oxf="f

(The first item is called thsifting property The last item says tha

c {t35(t - 3)} / £35(t — 3)e~Stdt
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413/14

Solve the symbolic initial value problem

Yy +2y+2y=6(t—=x), y0) =1 1y (0 =1,

it

d is theidentityfor the convolution product.)

then graphitforO<t < 6.



Solution

You know the drill.
1. (s?Y(s) — sY(0) — Y'(0)) +2(sY(s) — y(0)) +2Y(s) = e "S
2. (s?Y(s) —s—1) +2(sY(s) — 1) + 2Y(s) =7 *$

3. (s> +2s+2) Y(s) = s+ 3+ €775, whence

3 —7S
Y(s) = sts+e ™
(s+1)2+1
s+1 1 e~ 7S
Y(s) ( ) +
(s+1)2 412 (s+1)2+12  (s+1)2+12

4. y(t) = et cost + 2e~tsint + e~ ") sin(t — 7)u(t — )
ory(t) = et cost + 2t sint — e~ =Tyt — ) sint

NSS 413/14

1.2
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Find the impluse response functig(t) = h(t) to the system

y'+4y' +8y=4(), y@0) =0, y'(0)=0.

Solution

We haveh(t) = L7 {H (s)} = L71{1/ (s? + 4s + 8)}

1 2 1

-1 _ot .

- = =€ sinZX.
IZ(s+2)2+22] 2

411/Example 1

Solve and graph the solution of the IVP

y'+9y=3it-=), y0=1 y(©0=0.

Compare with graph of the solution of the IVP

y'+9y=0, y(0) =1 Yy (@©=0.

Solution

While the theorem can’t be applied to the first IVP (why?), our old
drill still works!

1. s2Y(s) — sy(0) — y’(0) + 9Y(s) = 3~ 7S

2. Y(s) — s+ 9Y(s) = 3e77S

s+37"° s +e 3
249  s249 s2+9
4. f(t) =y(t) =cos3 + H(t —x)sinB(t — x))

—7S

3.Y(s) =

Reload and dispatch the second IVP.

1. s2Y(s) — sy(0) — y'(0) + 9Y(s) = 0
2. s2Y(s) —s+9Y(s) =0

s
3.Y(s) = 259

4. g(t) =y(t) =cos3

Mechanically, the second solutigiit) represents simple

harmonic motion, perhaps the displacement of a mass attached to
an undamped spring. (Notice that in the BE’ + uy’ + ky =0,

we haveu = 0.) This is the undisturbed system.

The first solutionf (t), on the other hand, represents what happens
to the said mass-spring system when the mass is struck by a
hammer that exerts an impulse on the mass attimer seconds.
This is the disturbed system.

The difference in the two systems is immediately discernible in
this plot of the superimposed graphs!

NSS 411/Example 1: Motion disturbed by hammer
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MATLAB Examples
411/Example 1 [revisited]

Here is a MATLAB diary file showing the system solution and
plot.



%

% NSS 411/Example 1
%

syms s t Ys

y = sym(y(t))

y =

y(t)

de = diff(y,t,2) + 9
pretty(de) % #0

*y - 3 xdirac(t-pi);

/2 \

d |

[ y®l + 9 y() - 3 dirac(t - pi)
| 2

\dt /

laplace(de); % #1
chiclet(ltde); pretty(ltde)

Itde
ltde

s (s Ys - y(0)) - Dy(0) + 9 Ys - 3 exp(-s pi)
eq = subs(itde, {’y(0)" 'Dy(0) Lo {1 0}); % #2

pretty(eq)

s (s Ys-1) + 9 Ys - 3 exp(-s pi)
Ys = solve(eq, Ys); pretty(Ys) % #3

s + 3 exp(-s pi)

y = ilaplace(Ys); pretty(y) % #4

cos(3 t) - heaviside(t - pi) sin(3 t)
%
yh = dsolve(D2y + 9
pretty(yh)

*y = 0, 'y(0)=1, 'Dy(0)=0', 't);

cos(3 t)
t = linspace(0,8, 1000);
yh = eval(vectorize(yh));
plot(t,yh,’r--"); grid on; hold on
y = eval(vectorize(y));
plot(t,y)
xlabel('t’); ylabel('y’)
title(NSS 411/Example 1: Motion disturbed by hammer’)
%
echo off; diary off

413/14 [revisited]

Here is a MATLAB diary file showing the system solution and

plot.

%

% NSS 413/14
%

syms s t Ys
y = sym(y(t))

y =
y@®

de = diff(y,t,2) + 2 *diff(y,t) + 2 *y - dirac(t-pi);
pretty(de) % #0
/2 \
|d | /d
[-=- y®I + 2 |- y(®) + 2 y() - dirac(t - pi)
| 2 | \dt /
\dt /
ltde = laplace(de); % #1
Itde = chiclet(ltde); pretty(ltde)

s (s Ys - y(0)) - Dy(0) + 2 s Ys - 2 y(0) + 2 Ys - exp(-s p|

eq = subs(ltde,
pretty(eq)

{’y(0)' 'Dy(0) h,o{11)); % #2

s(sYs-1)-3+2s Ys+ 2Ys - exp(-s pi

Ys = solve(eq, Ys); pretty(Ys) % #3

s + 3 + exp(-s pi)
y = ilaplace(Ys); pretty(y) % #4

exp(-t) cos(t) + 2 exp(-t) sin(t) - heaviside(t - pi) exp(-t + pi) sin(t)
%

]

t = linspace(0,6,1000);
y = eval(vectorize(y));
plot(t,y); grid on
xlabel('t’); ylabel('y’)
titte(NSS 413/14’)

%

echo off; diary off

412/4 [revisited]
We verify the integral we computed by hand.

%

% NSS 412/4
%

syms t

sift = int(exp(-2
pretty(sift)

xt) * dirac(t+1), t, -inf, inf);

exp(2)
%
echo off; diary off

413/10 [revisited)]

We confirm our hand Laplace transform computation.

%

% NSS 413/10

%

syms t; syms s positive

sift = int(t"3 * dirac(t-3)
pretty(sift)

* exp(-s *t), t, -inf, inf);

27 exp(-3 s7)
syms s unreal
Lf = laplace(t"3 * dirac(t-3)); pretty(Lf)

27 exp(-3 s)
%
echo off; diary off



