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Summary

General first-order systems

A general first-order system ofdifferential equations in the
unknown functionxy, X2, ..., Xn, has thenormal form

Xp = 01t X1, X2, ..., Xn)

X, = Q2(t, X1, X2, ..., Xn)

Xy = On(t, X1, X2, ..., Xn).
In vector formx’ = g(t, x), wherex’ = [x; X; ..., ; x,] and
9(t, %) = [Ga(t, X); G2(t, X); ..., 5 Gn(t, ¥)] aren x 1 column

vectors. The independent variablé isThe dependent variables
arexs, Xz, ..., Xn. Or one could say the dependentumnvector
iSX = [X1; X2; ..., ; Xn]. In this general systeng may have
components that contaimonlinearexpressions involving the
dependent variableg, xo, ..., Xn.

Initial value problem

This consists of the vector differential equatidn= g(t, x)
together with the vector initial conditiox(tg) = Xg.

Converting higher-order equations to systems
Given the generaith order equation
y™ =g (t, vy Y y(”‘l)) ,

letx1 =y, x2 =Y, xa=VY",..., xn = Y™ D. We thus have
X =y® =x1,k=1,2,...n— 1. Moreover,

xi=y" =g (Ly.y. Yy TY) =gt e ).

Therefore, we have the system

X, = X3
/
anl - Xn
X[/'] = g(t5xl5 X25 "'7Xn)'

In other wordsx’ = g(t, x), wherex’ = [x]; x5; ...; X;,] and
g(t, X) = [X2: X3; .. .5 Xn; 9(t, X)]. The initial conditions
y“‘) (to) =¥, k=0,1,...,n—1, become the vector initial
conditionx(tg) = Xo = [Yo; Y15 - - -5 Yn—1]-

Definition of a linear system; matrix notation

A linear systemis one that may be written in theormal form
X'(t) = Ax(t) +f(t)

or more brieflyx’ = Ax + f. Herex is ann x 1 columnvector
function,A is ann x n matrix function, and is ann x 1 column
vector function (thdorcing term). If f = 0, then x 1 zero vector
function, then the system iomogeneousotherwise it is said to
benonhomogeneous

The j-th row in this vector differential equation is

n
i = fj1) + ) ajkt)x®).
k=1

The sum on the right-hand side consistg ¢h element of the
forcing term and the dot product of theth row of A with the
column vectox. (Can you say “matrix multiplication?” | knew
you could . .) Note that thexx appear solely to the first power
(hence the phrase “linear”). Moreover, while thg and f
functions may depend on the independent varialjte be
constants), they doot depend on the dependent variables ke

Hand Examples

Assume that the independent variablé {(§me), unless stated
otherwise.

Example A

Place the following system in the linear fosth= A(t)x + f(t)
if possible, or explain why it is not possible.

1 /

n X1 + (cost) X2

X5 (sint) X1 + 3xo

Solution

Rewrite the system as

X7 = txq+ (tcost)xy

X, = (sint)x1+ 3xo.
Then we have

L] =Lan st e 1+ [6]

orx’ = Ax + 0, a linear homogeneous system.



Example B

Place the following system in the linear fosth= A(t)x + f(t)
if possible, or explain why it is not possible.

2
—2X1 + X5
X, = 3X1—X2

! —
Xl =

Solution

Due to thex% term, the system igonlinear. Accordingly, it
cannot be put into linear form!

Example C

Rewrite the following system using matrix notation.

X7 = —X
X, = X1
Solution
We have
xx ] [0 -1 xa ], 0
X2 o 1 0 X2 o\
orx’ = Ax + 0, a linear homogeneous system.
Example D

Rewrite this system using matrix notation.

—X2 + sint
X, = X1

/
Xl -

Solution

We have

X1 ! 10 -1 X1 i sint
X2 | |11 0 X2 0 ’
orx’ = Ax + f(t), a linear nonhomogeneous system (since

f(t) # 0).

Example E

Convert the third-order differential equation and initial conditio

/1!

Y +yy' =sinot, yO =« VYO =8 VY 0=y

into a first-order system in vector notation.

Solution

Letx; =y, X2 =Y/, andxz = y”. Then

/
/ /!
/ /1 H ~r H
X3 = Yy =sinot —yYy =sinot — XpX3.

In other words,

X1 X2
X2 = X3
X3 Sinwt — XoX3

Thereforex’ = g(t, x), wherex’ = [x]; x5; X3],
g(t, X) = [x2; X3; sinwt — Xaxa], andx(0) = xo = [a; B; ¥ ].
This is anonlinearsystem due to thgoxs term.

508/13

Express the following system of higher-order differential
equations as a matrix system in normal form.

X" —3x +t%y — (cost)x = O,

7

V' +y' —txX'+y +elx = 0

Solution

Letuy = x,up =x',uz=Yy,Uus =Yy, us =Yy". Then

up = x'=upy,

u, = x”=23x—t%y+ (cost)x = (cost)u; + 3up — t2us,
uz = Y =us

u; = Y'=us,

up = Y =—-ex+tx' -y —y' =—€eug +tuz — ug — us.

In other words,

/

ujq 0 1 0 0 0 ujq
U cost 3 —t2 0 O U
us = 0 0O O 1 0 us
Ug 0 0 0 0 1 Ug
Us - t 0 -1 -1 Us

i.e.,u'(t) = A(Hu(t) + 0oru’ = Au + 0, a linear homogenous
system with variable coefficients.
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