Fall 2003 Math 308/501-502

9 Matrix Methods for Linear Systems
9.3 Matrices and Vectors

Mon, 10/Nov ©2003, Art Belmonte

Summary

(Read Chapter 11 of your lab manual for additional material.)

Types of matrices

An m x n matrix is a rectangular collection of elements arrang
in m rows andn columns. These elements are real or complex
numbers or symbolic expressions. We’ll denote matrices with
uppercase boldface roman letters; eAg.B, etc. ThusA = [a,,]
is a matrix whosej -th entry isajj . A row vectorisa lx n
matrix, whereas aolumn vectoris ann x 1 matrix. Vectors will
be signified by lowercase boldface roman letters; &,x, etc. A
matrix is square ifn = n and diagonal if it is square with all
off-diagonal entries being zeros. The elements oéi@ matrix or
azero vectorare all zeros. Either is denoted By

The Algebra of matrices

Matrix Addition and Scalar Multiplication ~ Provided that
matricesA andB have the same dimensions, th&iim is given by
A+ B =|ajj] + [bij] = [aij + bij]. Scalar multiplication is
defined byr A =r [aj; | = [raij]. A scalaris a real or complex
number or a symbolic expression. The expressiédnstands for
(—1) A and matrix subtraction is defined By— B = A + (—1) B.
Here are some properties of matrix addition and scalar
multiplication.

A+ B+C) A+B)+C
A+B = B+A
A+0 = A
A+(-A) = 0
r(A+B) = rA+rB
r+s)A = rA+sA
rsA) = (s)A = s(rA)

Matrix multiplication  Let A = [gx] be anm x n matrix and
B = [bkj] ann x p matrix. Thematrix product is defined by

n
C =AB = A xB = [gjj ], wherec;j = > ajh;. In other
k=1

words,cjj is the dot product of theth row of A with the jth
column ofB. (NOTE: This is different that tharray product in
MATLAB, defined byP. « Q = [pij ] . ® [qij] = [pij Gij ], for
matricesP andQ having the same dimensions.) Here are some
properties of matrix multiplication. They are respectively know
as associativity, left distributivity, right distributivity, and anothe
instance of associativity.

AB+C) = AB+AC
(A+B)C = AC+BC
rAB = A(B)

NOTE what is missing: commutativity! In generdlB £ BA,
even if both these products are defined. (Indeed, one or both of
them maynot be defined.)

Matrices as Linear Operators A consequence of the
aforementioned properties of matrix multiplication is that an
m x n matrix A defines dinear operator froniR" to R™ (or else
C"to C™M): A(x +y) = AX + Ay andA(rx) = r Ax. Furthermore,
AB constitutes a composition of the linear opera#®@ndB and

ed itself a linear operator; i.eAB = A o B. Geometric examples
of linear operations that act on vectors are stectching, contracting,
rotation, and reflection.

Matrix Formulation of Linear Algebraic Systems
the content of Section 9.8,v)

(This was

Matrix Identity ~ The identity in matrix multiplication is the
n x nidentity matrix I (orly). This is a diagonal matrix all of
whose diagonal entries are 1.

Matrix Inverse If A andB are squar@ x n matrices such that
AB =1 = Iy, thenB is aninverseof A. Indeed, when this occurs,
it so happens that we also haBé = | = |, whenceB = A~ 1is
well and truly said to béheinverse ofA. A matrix that has no
inverse is said to bsingular. So invertible matrices are
nonsingular. One way to find the inverse of a matéx(if it

exists) is to transform the augmented mabwix= [A]|l] into
reduced row echelon form. This resultsIifA~1], from which

we may read off the inverse éf in the right half of the resulting
augmented matrix. Of course, the easy way to compute the inverse
of A is to use the MATLAB commanihv (A).

Determinants The determinant of a squanex n matrix

n
A =[aj]is > (=1)° [ | ae. where the sum is over all
4 k=1
permutations of the first integers. In particular, fora R 2

ai1 a1z
1 a2
just use detd) in MATLAB to render the needful.

Theorem on Matrices and Linear Systems of Equations

matrix we have deﬁ } = ajjapy — az1ay2. In general,

Let A be ann x n matrix. Then the following are equivalent.

1. Ais singular; i.e.A does not have an inverse.
2. detA = 0.
3. The systenix = 0 has nontrivial solutions; i.e., it has

>

solutionsx # 0.

=

. The columns oA form a linearly dependent set.

(AB)C A(BC)

. The rows ofA form a linearly dependent set.



(An Equivalent Theorem)

=

. Alis nonsingular;i.e A has an inverse.
2. detA #0.

3. The systemi\x = 0 has only the trivial solution; i.e., the
solutionx = 0.

4. The columns oA form a linearly independent set.

5. The rows ofA form a linearly independent set.

A consequence of this theorem is thafiis nonsingular, then
Ax = b has the unique solution= A~1b = A\b.

Calculus of Matrices Let A be a matrix whose elements are
symbolic expressions in ThenA is amatrix function oft.
Similarly, a vectoix so constituted is &ector function of t.
Moreover, a matrix or vector function gontinuous
differentiable, orintegrable if and only if each of its elements
are. Here are some differentiation formulas for matrices (or
vectors).

d dA
— (CA — -
at &M @t
d dA dB
G A+ = St
d dB  dA
GiAB) = A+ B
MATLAB Examples

Here are most even exercises from Section 9.3 worked via
MATLAB. Rather than state each problem separately, we'll
dispense with statements altogether and just show you one lo
concatenation of diary files!

I'll briefly talk you through these either in lecture or during a
supplemental MATLAB session. We'll work several together
using MATLAB.

My point is that this stuff is quite intuitive. Moreover, this is
precisely what MATLAB was designed to facilitate!

%
% NSS4-521/2

%
A=[205 21 1]
A =

2 0 5

2 1 1
B=[1-12 03 -2
B =

1 4 2

0 3 2
ApB = A + B
ApB =

3 4 7

2 4 1

linear _combo 7*A - 4*B
linear _combo
10 4 27

14 -5 15

%

echo off; diary off

%
% NSS4-522/4
%

A=1[21;,04 -13]
A =

2 1

0 4

-1 3
B=1[11-1 0 3 1]
B =

1 1 -1

0 3 1
% NOTE: This is *MATRIX multiplication.
AB = AB
AB =

2 5 1

0 12 4

-1 8 4
BA = B-A
BA =

3 2

1 15

%
echo off; diary off

%

A=11211]
A =

1 2

1 1
B=1[03 12]
B =

0 3

1 2
C=11-411]
C =

1 -4

1 1
AB = AB
AB =

2 7

1 5
ABC = ABC
ABC =

9 -1

6 1
ApBxC = (A+B) * C
ApBxC =

6 1

5 -5

%
echo off; diary off

A=[2-1 -3 4]
A =

2

-3 4
B=1[1232
B =

1 2

3 2
AB = AB
AB =

1 2

9 2
BA = BrA
BA =

4 7

0 5

% We see that MATRIX multiplication is NOT commutative!
%
echo off; diary off

% NSS4-522/10



%
A=[41 509
A

4 1
5 9
% The default decimal format is SHORT
Ainv = inv(A)
Ainv =
0.2903  -0.0323
-0.1613 0.1290

% We'll often/mostly use RATIONAL format in Chapter 9.

format rat
Ainv
Ainv =
9/31 -1/31
-5/31 4/31

% Revert to default format

format short

% The product of A with its inverse (or vice versa)
% is the identity matrix

checkl = A = Ainv

checkl =
1.0000  -0.0000
0 1.0000
check2 = Ainv * A
check2 =
1.0000  -0.0000
0 1.0000

%

echo off; diary off
n522x12.txt

% NSS4-522/12
%

A=0111123011]
A =

1 1 1

1 2 3

0 1 1
Ainv = inv(A)
Ainv =

1 0 -1

1 -1 2

-1 1 -1

% Integer entries; how quaint!
%

% The product of A with its inverse (or vice versa)
% is the identity matrix

checkl = A = Ainv

checkl =
1 0 0
0 1 0
0 0 1
check2 = Ainv * A
check2 =
1 0 0
0 1 0
0 0 1

%
echo off; diary off

;1-;522x.1.1.1..txt

Q%
% NSS4-522/14

A=111;1-12 114
A =
1 1 1
1 -1 2
1 1 4
Ainv = inv(A)
Ainv =
1.0000 0.5000  -0.5000
0.3333  -0.5000 0.1667
-0.3333 0 0.3333
format rat
Ainv
Ainv =
1 1/2 -1/2
1/3 -1/2 1/6
-1/3 0 1/3

format short

%

% The product of A with its inverse (or vice versa)
% is the identity matrix

checkl = A * Ainv

checkl

1.0000 0  -0.0000
0 1.0000 0
0.0000 0 1.0000
check2 = Ainv * A
check2 =
1.0000 0 0
0.0000 1.0000 0
0 0 1.0000

%
echo off; diary off

%

% NSS4-522/16

%

% Part (a)
A=[2-11-121112
A=

2 -1 1
-1 2 1
1 1 2

% This matrix is singular. That is, it does NOT
% have an inverse. Note that its determinant is 0.
Ainv = inv(A)
Warning: Matrix is singular to working precision.
(Type "warning off MATLAB:singularMatrix"
to suppress this warning.)
> In /u/belmonte/2003c/308/T/c9/s3/n522x16/n522x16.m
at line 10
Ainv =

Inf Inf Inf

Inf Inf Inf

Inf  Inf Inf
detA = det(A)

detA =
0
% Part (b)
b =1[3; 1; 3]
b =
3
1
3
M = [A b]
M =
2 -1 1 3
-1 2 1 1
1 1 2 3
% This system has no solutions lest 0 = 1!
MR = rref(M)
MR =
1 0 1 0
0 1 1 0
0 0 0 1
% Part (c)
b = [3; 0; 3]
b =
3
0
3
M = [A b]
M =
2 -1 1 3
-1 2 1 0
1 1 2 3
% This system has infinitely many solutions...
MR = rref(M)
MR =
1 0 1 2
0 1 1 1
0 0 0 0
syms s

% ...having the following form.
X = [2-s; 1-s; 9]

X =

[ 2-s]
[ 1-]
[ 9]

%
echo off; diary off

N522x18.txt

%
% NSS4-522/18
%

syms t



v = [sin(2 =t), cos(2 *t)];

% The following is a SYMBOLIC matrix.
A = wron(v,t)

A =

[ sin(2  *t), cos(2  *t)]
[ 2=*cos(2 *t), -2 *sin(2 *t)]

% Symbolic inverse? You bet!
Ainv = simple(inv(A))

Ainv =

[ sin(2 t), 1/2 =*cos(2 *t)]
[ cos(2 *t), -1/2  *sin(2 *t)]

%
checkl = simple(A * Ainv)

checkl =
1, 0]
[0 1]

check2 = simple(Ainv * A)

%
echo off; diary off

0.txt

% NSS4-523/20

%

syms t

v = [exp(3 *t), 1, t];

% The following is a SYMBOLIC matrix.
A = wron(v,t)

A =

[ exp@ *), 1, t]
[ 3*exp(3 *t), 0, 1]
[ 9 *exp(3 *t), 0, 0]

% Symbolic inverse? You bet!
Ainv = simple(inv(A))

Ainv =

[ 0 0, 1/9/exp(3
[ 1, 4, -1/9+1/3
[ 0, 1,

%
checkl = simple(A * Ainv)

checkl =

check2 = simple(Ainv * A)

%
echo off; diary off

txt

%
% NSS4-523/22
%

A =128 3 2]
A =
12 8
3 2

detA = det(A)

*1)]
* t]
-1/3]

detA =
0
%
echo off; diary off

4. txt

% NSS4-523/24
%

A=[102 03-1 -121]
A =
1 0 2
0 3 -1
-1 2 1
detA = det(A)
detA =
11

%
echo off; diary off

n523x2

6.txt

% NSS4-523/26

%
A=[14430-3162]
A =

1 4 4
3 0 -3
1 6 2
detA = det(A)
detA =
54

%

echo off; diary off

N523x28.txt

%
% NSS4-523/28

%
syms r
A =[3 3; 2 4]
A =
3 3
2 4
I = eye(2)
| =
1 0
0 1
Amrl = A - r x|
Amrl =
[ 3r 3
[ 2, 4]

det _Amrl = det(Amrl)
det _Amrl =

6-7 *r+r2

-

= solve(det _Amrl)
r =

[ 6]
[ 1

%
echo off; diary off

n523x3“.txt

%

% NSS4-523/32

%

syms t

x = exp(-t) *sin(@ *t) = [1; 0; 1]

X =
[ exp(-t) *sin(3 =*t)]
[ 0]
[ exp(-t) *sin(3 =*t)]

dx_dt = diff(xt);
pretty(dx  dt)



-exp(-t) sin(3 t

0

-exp(-t) sin(3 t
%
echo off; diary off

N523x34.1xt

%

% NSS4-523/34

%

syms t

X = [sin(2 «t), cos(2 =*t), exp(-2  *t); ...
-sin(2  *t), 2 *cos(2 *t), 3 xexp(-2 *t); ...
3*sin(2 *t), cos(2 *t), exp(-2  *t)]

X =
[ sin(2  *t), cos(2  *t), exp(-2  *t)]
[ -sin(2 *t), 2 =cos(2 *t), 3 *exp(-2 *t)]
[ 3=*sin(2 *t), cos(2  *t), exp(-2  *t)]
dx.dt = diff(X,t);
pretty(dX  _dt)
[2 cos(2 t) -2 sin(2 t) -2 exp(-2 t)]
[
[-2 cos(2 t) -4 sin(2 t) -6 exp(-2 t)]
[
[6 cos(2 t) -2 sin(2 t) -2 exp(-2 t)]

%
echo off; diary off

N523x36.txt

% ...........
% NSS4-523/36
%
syms t
A=[000010; 10 1]
A =
0 0 0
0 1 0
1 0 1
X = exp(t) * [0; 1; -3]
X =
[ 0]
[ exp()]
[ -3 =exp(t)]
soln = diff(x,t) - A *X
soln =
[ 0]
[ 0]
[ 0]
%
% NSS4-523/38
%
syms t
A=[100023-20-23]
A =
1 0 0
0 3 -2
0 -2 3
X = [exp(t) 0 O; O exp(t) exp(5 *t); 0 exp(t) -exp(5
X =
[ exp(t), 0, 0]
[ 0, exp(t), exp(5 *1)]
[ 0, exp(t), -exp(5 *1)]
soln = diff(X,t) - A *X
soln =

) + 3 exp(-t) cos(3 t)]

) + 3 exp(-t) cos(3 t)]

*1)]

%
echo off; diary off
n523x40.txt
% ...........
% NSS4-523/40
%
syms t
A = [1 exp(-2 *t); 3 exp(-2  *t)]
A =
[ 1, exp(-2  *1)]
[ 3, exp(-2  *t)]
B = exp(-t) * [11; -1 3]
B =
[ exp(-t), exp(-t)]
[ -exp(-t), 3 =exp(-1)]
% Part (a)
int _A = int(At); pretty(int A)
[t - 12 exp(-2 t)]
[
[Bt - 1/2 exp(-2 t)]
% Part (b)
int B = int(B,t,0,1); pretty(int B)
[-exp(-1) + 1 -exp(-1) + 1]
[exp(-1) - 1 -3 exp(-1) + 3]
float _.int B = double(int _B)
float .int B =
0.6321 0.6321
-0.6321 1.8964
% Part (c): d(A *B) / dt = A+ dB/dt + diff(At) *
AB = simple(A *B)
AB =
[ exp(-t)-exp(-3 *t),  exp(-)+3 xexp(-3 *1)]

[ 3xexp(t)exp(-3  *b),

dAB.dt = diff(AB,Y)

dABdt =
[ -exp(-1)+3 *exp(-3 *t)
[ -3 *exp(-1)+3 *exp(-3 *t)

3 xexp(-t)+3

. -exp(-1)-9

, -3 *exp(-t)-9

alt _dAB.dt = A +diff(B,t) + diff(At)

alt _dAB.dt =
[ -exp(-t)+3 xexp(-2 *t)
[ -3 *exp(-1)+3 =*exp(-2 *t)

no_diff = simple(dAB dt - alt

no _diff

[0 Q]
[0 Q]

%
echo off; diary off

*exp(-t),
*exp(-t), -3

_dAB_dt)

-exp(-)-9
* exp(-t)-9

*exp(-3 *t)]

*exp(-3 *1)]
*exp(-3 *t)]

*B

*exp(-2 *t) *exp(-t)]
*exp(-2 *t) *exp(-t)]



