Fall 2003 Math 308/501-502

9 Matrix Methods for Linear Systems
9.4 Linear Systems in Normal Form
Wed, 12/Nov ©?2003, Art Belmonte

Summary
Definition of a linear system; matrix notation

A linear systemis one that may be written in theormal form
X' (t) = Ax(t) +f(t)

or more brieflyx’ = Ax + f. Herex is ann x 1 columnvector
function,A is ann x n matrix function, and is ann x 1 column
vector function (thdorcing term). If f = 0, then x 1 zero vector
function, then the system lomogeneousotherwise it is said to
benonhomogeneous

The j-th row in this vector differential equation is

n
X = i)+ D ajkt)(®).

k=1

The sum on the right-hand side consistg g@h element of the
forcing term and the dot product of theth row of A with the
column vectox. Note that thexx appear solely to the first power
(hence the phrase “linear”). Moreover, while g and fx
functions may depend on the independent varialjge be
constants), they dootdepend on the dependent variables ke

YALO (“Yet Another Linear Operator”)

Rewritex’ = Ax + f asx’ — Ax = f and letL [X] = X’ — Ax.
Then the system becomegx] = f. (NOTE: In this form, it's
actually easier to see why the linear system is called homoger
if f = 0 and nonhomogeneousfit£ 0.) ThatL is alinear
operator follows immediately from the linearity of differentiatio
and matrix muliplication.

Initial value problem for a linear system of ODEs

This consists of the differential equatiah= Ax + f together
with the initial conditionx(tg) = Xo.

Existence and Uniqueness Theorem

With A(t) andf(t) defined as above and continuous on an inter
I, lettyg e | andxg € R". Then the initial value problem

X' (1) =AOx(®) +f), X)) =Xo

Converting higher-order linear ODEs to systems

Given thenth order linear equation in standard form

n-1
yO ) + > pjy D) = g,
j=0

letx; =y, X2 =Y, x3=VY",..., xn = YD, We thus have
x; = y® =x1,k=1,2,...n— 1. Moreover,

n—-1
xh=yW =gt - > pjtyy V.
j=0

Therefore, we have the linear system

X7 = X
X, = X3
Xpo1 = X
n .
X, = gt —> pyDa.
j=1
In other wordsx’ = Ax + f, wherex’ = [x}; X3 .. XA,
f(t) =[0; 0;...; 0; g(t)], andA is thecompanion matrix
0 1 0 0 0
0 0 1 0 0
A= : : : : :
0 0 0 0 1
—pot) —p1t) —p2(b) —Pn—2(t) —pn-1()

(All entries are zero except 1's along the superdiagonal and the
—pj (t) along the bottom row.) The initial conditions become a
vector initial condition; i.ey®(tg) = yi, k=0,1,...,n— 1,
becomex(to) = Xo = [Yo; Y1; - - -5 Yn—1]-

Linear (in)dependence and the Wronskian

Them vector functionxy (1), ..., Xm(t) arelinearly dependent

'HISif there are constants, . . ., cm, not all zero, such that
ern:l cjxj(t) =0, forallt e I. They ardinearly independent

i ernzl cjxj(t) =0, forallt € I, implies thec;’s are all zero.

Letxq(t), ..., xn(t) ben x 1 column vector functions. We define
the Wronskian (determinant) of this collectionrofector
functions to be the determinant of the square matrix whose
columns are they.

If thesen vector functionsc aresolutionson an interval of the
homogeneous linear systeth= Ax, whereA is ann x n matrix
function that is continuous oh then exactly one of following
statements is true.

e Thexg are linearly dependent and their Wronskian is

identically zero onl .
val
e Thexk are linearly independent and their Wronskian is never

zero onl. In this case the, form afundamental set of
solutionsof the homogeneous linear systam= Ax.
Moreover, we call the matriX whose columns are

has a unique solution defined falt t < I.

X1, ..., Xn afundamental matrix.



Representation of solutions (homogeneous case)

Theorem Let X be a fundamental matrix for the homogeneod
systemx’ = Ax, whereA is continuous or. Theneverysolution
of the system o may be represented &s= Xc = 2221 Ck XK,
whereX is then x n fundamental matrix (whose columns are th
linearly independent solutiong, ..., Xy) andcis ann x 1
constantcolumn vector. We cak = Xc = >}_; ckXk ageneral
solution of the system.

Representation of solutions (honhomogeneous case)

Theorem With A, ¢, andX as in the preceding theorem, lg}
be a particular solution on the interdato the nonhomogeneous
systemx’ = Ax + f. Theneverysolution of this system oh may
be represented as= xp + XC = Xp + >_g_1 CkXk. We call this a
general solutionof the system.

Hand Examples

Assume that the independent variablé (§me), unless stated
otherwise.

530/2

Write { rg’,((tt)) = ff(t(;):resér;ar L in matrix form.
Solution

Wehave[ g :|/=|: i —:cl)i||:; :|+|: STt :|,OI’

x' = Ax + f, a constant coefficient nonhomogeneous linear
system.

530/3
dx/dt =t2x —y — z+t
Write { dy/dt =e'z+5 in matrix form.
dz/dt=tx —y+3z—¢
Solution
x ] t2 -1 -1 X t
Wehave| v [ =| 0 0 € y |+| 5 |, or
z t -1 3 z —é'

u" = Au + f, a variable coefficient nonhomogeneous linear
system.

530/8

Rewrite the 3rd-order equatigif’ — y’ + y = cost as a 1st-orde

system in matrix form.

Solution

Setx; =Yy, x2 =Y, x3=Yy". Then

X1 = Y=x

e X/2 — y// = X3
xé = y” =—-y+4+Yy +cost =—x; + Xo+ cost
x1 | 010 X1 0

or| X = 0 0 1 Xo | + 0 si.e.,
X3 -1 1 0 X3 cost

x' = Ax + f, a constant coefficient nonhomogeneous linear
system. Note thah is a companion matrix.

531/12

Rewrite the system

010 1 3
X = 0 0 1 |x+t] -1 [+] 1
-1 1 2 2 0
as a set of scalar equations.
Solution
X; =X +1t+3
We have] x5 =x3—t+1
Xz = —X1 + X2 + 2x3 + 2t.
531/14
—t et
Determine whethex; = ot } andxp = [ ot } are linearly

dependent oh = (—o0, 00).

Solution

Assume thak, andxo are linearly dependent. Then there exist

constantg; andcy, not both zerosuch thatix1 + coxo = 0, for

allt € I. In particular, this is true for = 0, in which case

o O] re 1]-[ ¢
1 1 0

c1 = —Cp = 0, a contradiction. Thereforg; andx» are linearly

independent.

] This implies that, = 0 and

531/20

-1
some linear system’ = Ax, determine whether they form a
fundamental solution set. If so, find a fundamental matrix for the
system and give a general solution.

Given thatx; = et [ g } andx, = e* [ L } are solutions to



Solution

By inspection, the matrid is 2 x 2. Accordingly a fundamental
solution set consists of two linearly independent solutions of th
system. Let’'s compute the Wronskian determinant;ciindxo.

det[

Hencex; andx» are linearly independent. Thus a fundamental
3e—t e4t
2e—t _e4t

e
_ e4t

3et

ot } =3 —2e% = —5e™ £ 0, Vt e R.

matrix isX = [Xq, X2] = [ } and a general solutior]

C1

is X = Xc, wherec = [ c } is a constant column vector.
2

MATLAB Examples

531/24
1 -1
Verify thatx; = e | 0 |, x, =e* 1|,
1 0
-1
xg=e3| —1 | are solutions ofR to the homogeneous
1
1 -2 2
systemx’ = Ax, whereA = | -2 1 2 |, andthat
2 21
51+1
Xp = 2t is a particular solution to the nonhomogened
4t 4 2
-9
systemx’ = Ax + f, wheref =t 0 |. Finally, find a
-18

general solution of the nonhomogeneous system.

Solution

MATLAB renders the needful, as the diary file below shows.

With X = [x1, X2, X3] a fundamental matrix and= [cy; Cp; c3] @
constant vector, a general solution of the nonhomogeneous sy
is constructed as follows.

5t+1 et —e¥ —e 3
X =Xp +Xc = 2t +ci| 0 |+ et | +c3| —e3 |,
442 et 0 et

%
% NSS4-531/24
%
syms cl c2 c3 t

A=[1-22-212221]
A =
1 -2 2
-2 1 2
2 2 1
x1 = exp(3 *t) * [1;0;1]
x1l =
[ exp3 *1)]
[ 0]
[ exp(3 *1)]
x2 = exp(3 *t) * [-1;1,0]

X2 =

[ -exp(@ *1)]
{ exp(3 *t)]

e o

x3

= exp(-3 *t) » [-1;-1;1]

X3 =

[ -exp(-3 1)
[ -exp(-3  *1t)]
[ exp(-3 =)

Xp = [6 *t+l; 2 *t; 4 *t+2]

Xp =

[ 5+t+1]
[ 2+
[ 4+t+2]

%
checkl

diff(x1,t) - *x1

checkl

[0

check2 * X2

diff(x2,t) -

check2

[ O]
[ O]
[ O]

check3 = diff(x3,t) - * X3

us

[x1 x2 x3]

[ exp(B *t),
0,
[ exp@ =),

-exp(3
exp(3

*t),
*1),
0,

-exp(-3
-exp(-3
exp(-3

*1)]
*1)]
*1)]
detX matrix
detX

3xexp(3 *t)

det(X) % fundamental

%
c = [cl; c2; c3]

Cc
Stem[ ¢1]
[ c2]
[ c3]

X = Xp + X=*c; pretty(x) % general solution

[5t+ 1+ expBt)cl-exp@Bt)c2-exp(-3t1) c3]
[ ]
[ 2t+ exp(3t) c2 - exp(-3t)c3 ]
[ 1
[ 4t+ 2+ exp(Bt)cl+ exp(-3t)c3 ]

%

echo off; diary off

532/28

In 532/26, a homework problem, you are asked to show thét if
is a fundamental matrix for' = Ax, thenx = X (t)X ~1(tg)xg is
the solution to the initial value probler = Ax, X(tg) = Xo.
et &bt } _

is a

Given this fact, first show tha{(t) = [ _et &t



fundamental matrix for the systexh = g g X. Then find

the solution of the system satisfying the initial condition

x(O):[ _i }

Solution

2et 4 e

The unique solution i8 =
q [ —2et et

] Here is a diary file.

%
% NSS4-532/28
%
format rat
syms t
A=1[23; 32
A =
2 3
3 2
X = [exp(-t) exp(5  *t); -exp(-t) exp(5 *1)]

[ exp(-t), exp(5 *1)]
[ -exp(-t), exp(5 *1)]
x0 = [3;-1]
X0

3
-1
%
checkl = diff(X,;t) - A *X % Columns are solutions.

checkl =
[0 0]
[0 0]

check2 = simple(det(X)) % They're linearly independent.

f

check2 =
2xexp(4 *t)

%
Xinv = inv(X)

Xinv =

[ 172/exp(-t), -1/2/exp(-t)]
[ 1/2/exp(5 =*t), 1/2/exp(5 *1)]

Xinv0 = subs(Xinv, t, 0)
Xinv0 =
1/2 -1/2
1/2 1/2
X = X*Xinv0 *x0; pretty(x) % unique solution

[2 exp(-t) + exp(5 1) ]
[-2 exp(-t) + exp(5 t)]

%
echo off; diary off




