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9 Matrix Methods for Linear Systems
9.7M Nonhomogeneous Lin Sys:
Method of Undetermined Coefficients
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Summary
Method of Undetermined Coefficients for Systems

Let A be ann x n realconstantmatrix andf ann x 1 column
vector whose elements are sums of products of real polynomi
sines, cosines, and/or exponentials involving the independent
variablet. We may use the method of undetermined coefficien
procedure from Section 6.3 agaideto finding a particular
solutionxp to the nonhomogeneous linear systera= Ax + f or

L [x] = X' — Ax = f. The undetermined coefficients involved af
now symbolicvectorconstants.

Moreover, in case an elementfak replicated in a general
solution of the associated homogeneous linear systéxh = 0,
the original choice for a particular solution murit onlybe
multiplied by the smallest positive integer powert o that no
term of the particular solutiorp is a solution of the homogeneo
equationL[x] = 0, but alsoby all lower nonnegative integer
powers oft as well. This is easier said than done. Indeed, whe
this level of complexity is reached, it is simpler to resort to
variation of parameters, the other technique for finding
particular solutions that we encountered. This will be discusse
later in lecture hando@&.7V.

Superposition Principle

Fork=1,2,..., M, letxp, be a solution oL [x] = fx. Then for
M
any constantsy, . .., Cv, the functionxp, = Z CkXpy Solves the
k=1
M

nonhomogeneous linear systetfy] = Z ¢k fk. (This follows

k=1
immediately from the fact thdt is a linear operator.)

Hand Examples

In our first example, we’ll do things soup-to-nuts by hand. In th
next example, we’ll assume we have the necessary eigenpair
pairs of eigenvalues with associated eigenvectors) so as to ra
form a general solution of the associated homogeneous syste
Then we’ll proceed to the main course: finding a particular
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Find a general solution to the nonhomogeneous system

;L 11 | —t-1
x_Aerf,whereA_[4 1 andf = a2 |

Solution
Here is our overall solution strategy.

1. Find a general solutioxy, to the associated homogeneous
systenx’ = AX.

als2. Find a particular solutiorp to the nonhomogeneous system

X = Ax +f.

S 3. Forma general solution of the nonhomogeneous system:
X = Xp + Xh.

D

Along the way, we'll flesh out details. Let’s get the party started.

1. Computation of xp.

(a) Eigenvalues of A. Solve detA —rl) = 0.

1-r 1 .2 _ oy

’ 4 l—r‘_r -2 -3=0+DTr-3)=0,
whencer = -1, 3.

(b) Associated EigenvectorsFind a nonzero vector in the
nullspace of the RREF && —rl.

d 2 17 ref[ 1 1
_ 2
e Forr = 1,[12]—>|:0 ) =
. . -1
eigenpair—1 < [ >
-2 1 rref[ 1 -1
_ 2
e Forr =3, 4 _2 —>[0 0}=>

eigenpair 3« [ ; }

(c) Form xp. A general solution ok’ = Ax is

- i3]

2. Computation of xp.

+ Cze?’t

—t
—4t

1

(a) Rewritef = [ 5

B } asf = tkq + ko, where
e

5 (i.e.,
pidly
m.

ki = :‘11 andks = :; . Note that no element

of f occurs in the same element of a solution of the
homogeneous equation. There is no interference.
(b) Accordingly, the form ok is xp = ta+ b, wherea

solution of the nonhomogeneous system.

andb are undeterminedectorconstants.



(c) Substitutex = xp intox’ — Ax — f = 0 and collect like

terms.
a—Ata+b)—tk1—ks = 0
—a+A(a+b)+tki1+ky = 0
t(Aa+k1)+Ab+ky—a) = 0, forallt eR.

ThusAa + ki = Oimpliesa= —A~tk; = —A\kj.
Similarly, Ab + ko — a = 0vyieldsbh = A\(a— k»).

Via MATLAB, we havea = é } andb = [ g }

o]+ 2]

3. Computation of a general solution x= Xp + Xn.

2o 23]

Hencexp =t [
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Find a general solution to the nonhomogeneous system

2 2 —4 cost
/ — —
X _—Ax+f,whereA_[ 5 2}andf_[ sint ]

Solution

1. MATLAB yields eigenpairs O~ [ _1 and 4« [ i }

whencexy, = cl[ _1 } + cpett [ 1 }

2. Rewritef asf = cost k1 + sint ko, wherek, = [ _g } and

0
ko = [ 0
homogeneous general solution. Rgt= cost a + sint b
intoAx +f —x' = 0.
A(cost a+ sint b) + cost kq + sint ko — (— sint a+ cost b) 0
cost (Aa+ky—b)+sint(Ab+ky+a = 0
In order for this last equation to hold for &l|lwe must have
Aa + ki1 —b =0andAb + ks + a = 0. This first equation
yieldsb = Aa + k1. Substituting into the ensuing equation

. Again, there is no interference with the

we have
AAa+ky)+krx+a = 0
(A% + Da —(Ak1 + ko)
2 -1
a = —(A +|) (Ak1 + ko)

- (A

Via MATLAB, a= } Thusb = Aa+k; =

+1) \(Ak1 + k)

-2
2

Jon[ 3]

Hencexp = cost [

3. A general solution of the nonhomogeneous system is
x=cost | O |+sint| 72 |+c I et | 1
— 1 —+ 2 +C1 1 +C2 1|

MATLAB Examples
555/2 [revisited]

Find a general solution to the nonhomogeneous system
11 -t-1

/ — —

x_Ax—i-f,whereA_|:4 1i|andf_[ 4t 2]

Solution

Here we play fast and loose with symbols then creatively interpret
“solutions” fora andb. We’re pushing MATLAB beyond what it
was intended to do. The diary file is rather long, so let’s first

look at the script M-file driver.

%

% NSS4-555/2

%

syms a b cl c2 k1 k2 t

x = sym(x(t));

A = sym([1 1; 4 1])

% Homogeneous general solution
[V,D] = eig(A)

x1 = exp(-t) * [-1; 2];

X2 = exp(3*) * [1; 2];

X = [x1, x2]

c = [cl; c2]

xh = X*c; pretty(xh)

% Nonhomogeneous particular solution
syms A % (Temporarily make A a symbol.)
de0 = diff(x,t) - A*x - (t*k1 + k2)

Xp = t*a + b;

eq0 = subs(deO, x, xp);

eq0 = collect(eqO, t)

[a b] = solve(-A*a-k1, a-A*b-k2, a, b);
pretty(a), pretty(b)

% Nitty gritty

A = sym(1 1; 4 1])

k1 = [-1; -4]
k2 = [1; -2]
a = -Akl

b = -AN-2) * (A*k2 + k1)

Xp = subs(xp)

% Nonhomogeneous general solution
X = xp + xh; pretty(x)

% Check

check = diff(x,t) -
%

echo off; diary off

A - (k1 + Kk2)

And here is the diary file with input and output interspersed.

%

% NSS4-555/2

%

syms a b cl c2 k1 k2 t
x = sym(x(t));

A = sym([1 1; 4 1])

A =

1, 1]
a, 1]



% Homogeneous general solution

[V,D] = eig(A)

V =

[ 1, 1]

[-2, 2]

D =

[-1, 0]

[ 0 3]

x1 = exp(t) * [-1; 2];
x2 = exp(3*t) * [1; 2;
X = [x1, x2]

X =

-exp(-t), exp(3*t)]
2*exp(-t), 2*exp(3*t)]

o

= [c1; c2]
Cc =

cl]
c?]

xh = X*c; pretty(xh)
[ -exp(-t) c1 + exp(3 t) c2 ]
[
[2 exp(-t) c 1+ 2 exp(31t) c2]
% Nonhomogeneous particular solution
syms A % (Temporarily make A a symbol.)
de0 = diff(x,t) - A*x - (t*k1 + k2)
de0 =
diff(x(t),t)-A*x(t)-t*k1-k2
Xp = t*a + b;
eq0 = subs(deO, X, xp);
eq0 = collect(eqO, t)
eq0 =
(-A*a-k1)*t+a-A*b-k2

[a b] = solve(-A*a-k1, a-A*b-k2, a, b);
pretty(a), pretty(b)
k1

A

A k2 + k1

% Nitty gritty
A = sym([1 1; 4 1])

A =
[ 1, 1]
[4 1]
k1l = [1; -4]
ki =
-1
-4
k2 = [1; -2]
k2 =
-1
-2
a = -A\kl
a =

b = -AN-2) * (A*k2 + k1)

Xp = subs(xp)

xp

N

[
[ 2]

% Nonhomogeneous general solution
x = xp + xh; pretty(x)

[ t-exp(-t)cl + exp(31t) c2 ]
[
[2 + 2 exp(-t) c1 + 2 exp(3 t) c2]
% Check
check = diff(x,t) - A* - (t*k1 + k2)

check =

0
[0
%

echo off; diary off

555/4 [revisited]

Find a general solution to the nonhomogeneous system
2 2 —4 cost
/ — —
X _Aerf,whereA_[2 2}andf_[ sint }

Solution

First the script M-file driver.

%

% NSS4-555/4

%

syms A a b cl c2 kl k2 t

x = sym(x(t));

A = sym(2 2; 2 2])

% Homogeneous general solution
[V.D] = eig(A)

x1 exp(0*t) * [-1; 1J;

x2 exp(4*t) * [1;1];
X = [x1, x2]
c = [c1; c2]

xh = X*c; pretty(xh)

% Nonhomogeneous particular solution
syms A % (Temporarily make A a symbol.)
de0 = diff(x,t) - A*x - (cos(t)*k1 + sin(t)*k2)
Xp = cos(t)*a + sin(t)*b;

eq0 = subs(deO, x, xp);

eq0 = collect(eqO, cos(t));

eq0 = collect(eqO, sin(t))

[a b] = solve(-a-k2-A*b, -A*a-kl+b, a, b);
pretty(a), pretty(b)

% Nitty gritty

A = sym([2 2; 2 2])

| = sym(eye(2))

ki = [-4; (]

k2 = [0; -1]

a=-(+ A2\ (k2 + A*kl1)



b =-(+ A2)\ (A*k2 - k1)

Xp = subs(xp)

% Nonhomogeneous general solution

X = xp + xh; pretty(x)

% Check

check = diff(x,t) - A*x - (cos(t)*kl + sin(t)*k2)
%

%

echo off; diary off

And now the diary file.

%

% NSS4-555/4

%

syms A ab cl c2 kl k2t
x = sym(x(t));

A = sym([2 2; 2 2])

A =
2, 2
2, 2

]
]
% Homogeneous general solution
[V.D] = eig(A)

x1 = exp(0*t) * [-1; 1];

X2 exp(4*t) * [1;1];
X = [x1, x2]

X =

[ -1, exp(4*t)]
[ 1, exp(4*t)]
c = [c1; c2]

c =

[ cl]

[ c2]

xh = X*c; pretty(xh)
[-c1 + exp(4 t) c2]
[cl + exp(4 t) c2 ]

% Nonhomogeneous particular solution

syms A % (Temporarily make A a symbol.)

de0 = diff(x,t) - A*x - (cos(t)*k1 + sin(t)*k2)

de0 =

diff(x(t),t)-A*x(t)-cos(t)*k1-sin(t)*k2

Xp = cos(t)*a + sin(t)*b;

eq0 = subs(deO, X, xp);

eq0 = collect(eqO, cos(t));
eq0 = collect(eqO, sin(t))

eq0 =

(-a-k2-A*b)*sin(t)+(-A*a-k1+b)*cos(t)

[a b] = solve(-a-k2-A*b, -A*a-k1l+b, a, b);
pretty(a), pretty(b)

k2 + A k1

% Nitty gritty
A = sym(2 2; 2 2])

2, 2]
2, 2]

I = sym(eye(2))

[ 1, 0]
[0 1]

[-4; 0]

-4
0
[0; -1]

0
-1
= - (1 + A\ (k2 + A1)

QD
|

b=-(I+ A2\ (A%2 - k1)

!
N

Xp = subs(xp)

xp

[ -2*sin(t)]
[ cos(t)+2*sin(t)]

% Nonhomogeneous general solution
X = xp + xh; pretty(x)

[ -2 sin(t) - c1 + exp(4 t) c2 ]
[
[cos(t) + 2 sin(t) + c1 + exp(4 t) c2]
% Check
check = diff(x,tf) - A*x - (cos(t)*k1l + sin(t)*k2)

check =

[ 0]
[0

%
%

echo off; diary off

555/26a

Find a general solution to the nonhomogeneous system

, [ 01 [ 3¢
x_Ax—i-f,WhereA_[_2 3 andf = 6t |-



Solution

We readily construct a general solution to the associated
homogeneous system with MATLAB.

1 1
et 2t
xh_cle[l}-kcze [2}

Notice that components dfcan occur as componentsxy. (For
example, take; = 3 andc, = 0. Then 2! occurs in the first
element of;,.) Accordingly, we must adjust our first choice for
Xp in the manner mentioned in the summary. Moreover, the
fast-and-loose way we approached the first two problems won
work. (There’s not enough structure inherent in our symbols.)
Accordingly, we resort to the Full Monty: expressing all eleme
of vectors individually.

a1 b1 .

a } + ¢t [ by } This
will work, but notice that there is not a unique solution to the
linear system that we must solve after substituting into

X' — Ax — f = 0. So we have some freedom as well as some
ambiguity. This, together with the mathematical gymnastics
involved in the method of undetermined coefficients, is why we
turn to the much more satisfyin@riation of parameters
techique in the next lecture!

Therefore, lekp = te'a+ €'b = te' [

For now, peruse the needful in script M-file and diary formats &

. . ¢ 3
we construct our particular solutior, = € 0
general solution of the nonhomogeneous systemxp + Xh.

(REMARK: The fact thata turned out to be the zero vector

}, then our

—

Nts

D

AS

happens sometimes. Always make sure, however, to use the full

form of the particular solutiomp. For other choices dfit may
well turn out thata is notthe zero vector!)

delete p557x26a.txt; diary p557x26a.txt
clear; clc; close all; echo on

%

% NSS4-557/26a

%

syms a b al a2 bl b2 cl1 c2 k't

x = sym(X(t)");

A = sym([0 1; -2 3])

% Homogeneous general solution
[V.D] = eig(A)

x1 = exp(t) * [1; 1];
x2 = exp(2*) * [1; 2];
X = [x1, x2]

c = [c1; ¢2]

xh = X*c; pretty(xh)
% Nonhomogeneous particular solution
a = [al;a2]; b = [bl;b2]; k = [3;6];
Xp = t*exp(t)*a + exp(t)*b;
eq0 = diff(xp,t) - A*Xp - exp(t)*k;
% All terms in the foregoing had a factor of exp(t).
% Since the output was VERY LONG, | suppressed it
% and divided out the exponential in the next command.
eq0 = simple(eq0 / exp(t));
eq0 = collect(eqO, t)
[al a2 bl b2] = solve( ...
-a2+al, al-3+bl-b2, 2*al-2*a2, a2-6-2*b2+2*bl, ...
al, a2, bl, b2)
b2 =0

bl = subs(bl)

Xp = subs(xp); xp = collect(xp, exp(t))
% A gen soln to NH lin sys

X = xp + xh; pretty(x)

%

f = exp(t)*k;

check = simple(diff(x,t) - A*x - f)

%

echo off; diary off

%

% NSS4-557/26a

%

syms a b al a2 bl b2 cl1 c2 k t
x = sym(x(t)’);

A = sym([0 1; -2 3))

A =
[ 0 1]

[-2, 3]

% Homogeneous general solution
[V.D] = eig(A)

VvV =

[1, 1]

[1 2]

D =

[ 1, 0]

[0 2]

x1 = exp(t) * [1; 1];

X2 = exp(2*t) * [1; 2];
X = [x1, x2]

X =

[ exp(t),  exp(2*)]
[ exp(t), 2*exp(2*t)]
c = [c1; c2]

c =

[ c1]

[ c2]

xh = X*c; pretty(xh)
[ exp(t) c1 + exp(2 t) c2 ]
[

[exp(t) c1 + 2 exp(2 t) c2]
% Nonhomogeneous particular solution
a = [al;a2]; b = [b1;b2]; k = [3;6];
xXp = t*exp(t)*a + exp(t)*b;
eq0 = diff(xp,t) - A*xp - exp(t)*k;
% All terms in the foregoing had a factor of exp(t).
% Since the output was VERY LONG, | suppressed it
% and divided out the exponential in the next command.

eq0 = simple(eq0 / exp(t));
eq0 = collect(eqO, t)
eq0 =

[ (-a2+al)*t+al-3+b1-b2]
[ (2*al-2*a2)*t+a2-6-2*b2+2*b1]

[al a2 bl b2] = solve( ...
-a2+al, al-3+bl-b2, 2*al-2*a2, a2-6-2*h2+2*bl, ...
al, a2, bl, b2)

al =

0

%
%
%



a2 =

bl =

3+b2

b2

b2

b2
b2

0

0
bl = subs(bl)

bl

3
xp = subs(xp); xp = collect(xp, exp(t))

Xp =

[ 3*exp(t)]
[ 0]

% A gen soln to NH lin sys
X = xp + xh; pretty(x)

[3 exp(t) + exp(t) c1 + exp(2 t) c2]
[
[ exp(t) cl + 2 exp(2 t) c2

%

f = exp(t)*k;

check = simple(diff(x,t) - A*x - f)

check =

[0
%
echo off; diary off




