Fall 2003 Math 308/501-502

9 Matrix Methods for Linear Systems
9.B Matrix Laplace Transform Method
Mon, 08/Dec ©?2003, Art Belmonte

Summary
The Last Hurrah

This is it campers: the Grand Finale, where we marry Laplace
transform techniques with matrix methods for linear systems!
It's a little ditty we call theMatrix Laplace Transform Method .

The Setting

With t as an independent scalar variable Adie ann x n
constant matrixf ann x 1 vector function ot, x(t) a function of
t, andxg ann x 1 constant vector. Also, letbe a scalar variable

Some Definitions

Denote the Laplace transform xft) by X(s). Itis a column
vector whose elements are the respective Laplace transforms
the components; (1), ..., Xy (t) of x(t). In a similar manner, let
L{ft)} = f(s). More briefly, we write {x} = % and( {f} = f.

Analogously, for a matriM = M(t), we defineL (M} = M to be
the matrix whose elements are the respective Laplace transfo
of the componentsyjj (t) of M (t). Inverse Laplace transforms o

vectors or matrices are similarly defined. Moreover, the familig

properties of Laplace transforms carry over as well.

Derivation of the “Grail”

Given the initial value problem’ = Ax + f, x(0) = Xq, let’s
employ our usual 4-step procedure from Chapter 7 to obtain it
unique solutiorx(t).

1. Take the Laplace transform of each side of the ODE.
SX — x(0) = A% + f
2. Substitute for the initial condition.
SXK —Xg = AX + f

3. Solve for the unknown transforin

f—}- Xo

f—}- Xo

(sl — A1 + xo)

sIx — A
(sl — A)X

>
|

>

4. Take the inverse Laplace transform of each side to obtain the
solutionx = x(t). Voila: a one-line solution: the Holy Grail!

x =1 [(sl A LE+ xo)}

A Hidden Bonus!
Note that wherf = 0, we have
x=L"1 [(sl AL+ xo)} -1 {(sl - A)—l} X0,

from which it follows thate"* = £~1{(sl — A)~1}, since

x = eAxq is the unique solution of the IVP. So this gives another
(elegant) way of computing the matrix exponential function!
Indeed, my calculator implementations of the matrix exponential
use this technique. It's one that we’'ll replicate in the MATLAB
examples below.

MATLAB Examples

573/B1

o / 0 2
olve the IVPX' = Ax +f, x(0) = Xo, whereA = | 4 ]

-1
3

<[]

rms

}

rSolution

%

% NSS4-9.B/Example B1
%

syms s t

A = sym([0 2; -1 3]);

f = sym([0; Q]);

x0 = sym([-1; 3]);

%

= eye(2);
= ilaplace((s*I-A) \ (laplace(f) + x0))

x

-8*exp(t)+7*exp(2*t)]
-4*exp(t)+7*exp(2*t)]

checkl = simple(diff(x,t) - A*x - f)

checkl

[ 0]
[ 0]

check2

simple(subs(x, t, sym(0)))

check2

%
echo off; diary off




573/B2

Solve the IVPX' = Ax + f, x(0) = xo, whereA = [ 3 -2 }

4 -1
sint 0
f:[ _ cost },andxoz [ 0 }

Solution
%
% NSS4-9.B/Example B2
%
syms s t
A = sym([3 -2; 4 -1])
A =

[ 3 -2
[ 4 -]

f = sym([sin(t); -cos(t)])

f=

[ sin@®)]
[ -cos(t)]
x0 = sym([0; 0])
x0 =
[ 0]
[ 0]
%
I = eye(2)
| =
1 0

0 1
x = ilaplace((s*I-A) \ (laplace(f) + x0));
pretty(x)

[
7/10 cos(t) - 1/10 sin(t) - 7/10 exp(t) cos(2 t) + 2/5 exp(t) sin(2 t)

|
[11 11 ]

[-- cos(t) + 7/10 sin(t) - - exp(t) cos(2 t) - 3/10 exp(t) sin(2 t)]
[10 10 ]

checkl = simple(diff(x,t) - A*x - f)

checkl =

[ 0]
check2 = simple(subs(x, t, sym(0)))

check2 =

[ 0]
%
echo off; diary off

M-211/87 [from the 3rd Edition of your lab manual]

-9 7 =27 17
7 -4 18 -—-13
4 -1 8 -7

-1 4 -9 3

Computee!” for A =

Solution

We computee' as£~1 {(sl — A)*l}, then compare it with the

output fromexpm. At first it seems as if there is a difference in
the third column. Recalling two hyperbolic function definitions,
however, this discrepancy is cleared up. Results are equivalent!

Here ise® as returned by —1 {(sl — A)*l}.

e ta—2t) — 3¢ %et — (2t + %)e—t —27sinht 175et + (2t — 175)e—t

2l + Bt—2e ! (Bt+4et —3et 18sinht (5—3t)e ! —5et
dr@a-net @+ %)e’l - ge‘ cosht + 8sinht (§ —20et - 3¢
t+pet—e  Zet+t-Fet —9sinht Sel —t+ et

%

% M-211/87 [from the new 3rd edition]
%

syms s t

A = sym([-9 7 -27 17; 7 -4 18 -13; ...

A =

27, 17]
18, -13]
8, -7]
9, 3

ARAN

-9,
7,
4,

1,

4 -18-7;-1 4 -9 3)
I = eye(4);
etAl = ilaplace(inv(s*l - A)); % See typset output.
etA2 = simple(expm(t*A));
my_diff = expand(etAl - etA2);
my_diff = subs(my_diff, {’sinh(t)’, 'cosh(t)}, ...
{'(exp(t)-exp(-1))/2’, (exp(t)+exp(-1))/2});
no_diff = simple(my_diff)

no_diff =
[0 0, 0 0]
[0 0, 0 0]
[0 0,0 0]
[0 0, 0 0]
Epilog

Hey, troops, it's been swell. Good luck on your finals!



