Math. 401 (Fulling) 24 February 2006

Test A — Solutions

“Up to [a certain order|” means “stop right before calculating the term of that order.”
“Up through [a certain order]” means “do calculate a term of that order.”

Calculators may be used for simple arithmetic operations only!

1. (32 pts.) Consider ex3 + 2 —1=0 (e >0, e — 0).
(a) Find the leading behavior of all roots.

First let’s see what regular perturbation theory produces.
zo—1=0 = x9=1.

There should be two more roots, so we try the balancing-and-scaling trick. If the e term is to balance
the highest-degree other term, then

xS ~ —1 = :L'Ne*l/Q.

So we set x = 6_1/25, getting T = ¢t1/22 and therefore

T4+ 7 — e =0.
The zeroth-order equation is then
0=2¢ +To =Z0(TF +1) = T = +i
(since the root Top = 0 would merely reproduce the regular root). Thus

+i
0= —.

NG

(b) For all real roots, find a perturbation expansion through order ¢ .

The only real root is the regular one. Make the ansatz x ~ 1 + ex; (because we already know that
29 =1). Then 23 ~ 1+ 3ex; + O(€?) and hence the equation is

0N€-|-3€2:U1+"-+1-|-6.’171—1
= (1 +21) + O(e?).

Thus 1 = —1, and
r~1—e
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2. (24 pts.) Do ONE of these [(A) or (B)].
(A) Write down the (first-order) WKB approximation to the solution of

d2
2 t2]

dt2+[ y=0, w— +o0,

with initial data y(0) = 1, 4/(0) = 0. (You are not expected to evaluate the integral
that arises.) Then discuss the uniformity (or lack thereof) of the approximation. (Can
the solution be extended to the whole domain —oo < ¢t < 0o ? If not, why not?)

The ODE has two linearly independent solutions with WKB approximations

[t 2_72 g7
yi ~ [ tz]—1/4eizf0 w212 di

(see p. 44 of class notes). Their derivatives are

[t 2_ 2 Jf 1 _ [t 2_ 2 Jf
yliwii[w2—t2]+1/4eizfo Wit dt—Z[wz—tz] 5/4(—215)ei7’f0 wimtRdt

The last term of this expression is actually of higher order than the first one, so it can be dropped in
constructing the first-order approximation; but since this point is not obvious, I will carry the term
along for awhile. Consider y = c4+y+ + c—y— and impose the initial conditions:

l=crw P 4ew? 0=criw'? —c iw'? +0(w?).

(In fact, the O(w75/ 2) term is zero in this problem because of the factor —2¢, but for a potential
with V/(0) # 0 it would be nonzero but negligible.) Rewrite the system as

+1/2

c++ce- =w , cyr —c_ =0.
The solution is
c+ = lwl/z
3 .
Thus
1 2_§2 _ 2_§2
y(t) ~ §w1/2[w2— —1/4 f wi—f2df zf w22 df

(It could also be written as a hyperbolic cosine.) This approximation is valid in a neighborhood of

t = 0, but it must go bad when ¢ becomes close to +w, and it is completely wrong when w? — % is
zero or negative. How large the “good” interval is depends on w ; it can be made arbitrarily large by
considering only very large w, but it is small for small w. In other words, for fixed w the approximation
is not uniform in ¢, and for fixed ¢ the size of the interval where the approximation is useful is not
uniform in w.

(B) Pronounce each of the following assertions true or false, and write something to explain
your judgment.
(a) el —1=0(e) as e — 0 (for fixed t).
True. This is just the statement that the exponential function has a Taylor series around € = 0 with
leading term 1.
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(b)  €3coshe = O(e*) as € — 0.
False. The Taylor series of coshe = %(e6 +e 9 is 1+ %62 + ---. So our function is O(e?) but not
O(e?).
sin e

¢

O
False. The leading behavior of sine is €, while the leading behavior of the denominator is 1. (More
precisely, (1 —€)~ /2 ~ 14 %e) So the function is O(e) but not 0(63/2).)

= 0(63/2) as e — 0.

(d) lne:O(e_l) as € — 0 (with € > 0).
True. At 0 the logarithm function goes to infinity more slowly than any power. In more detail: The

statement is equivalent to

Ine .
— is bounded for € near zero.
€

It is easier to prove the stronger statement [“Ine = o(e~1)”] that

0= limln—i = limelne,
el0 € el0

and that is easily verified by I’'Hopital’s rule:

el0 —e2 el0

3. (44 pts.) Find a two-term solution (through order €) by the distorted-time method:

d2y 36 dy

2V =0 y(0) =0, FO)=6  (¢>0,¢=0).

You may find some of the following formulas helpful.

_ a3 2P 2zt
sma:wa:—a—#a%----, cosa:~1—§+z+~--
cos? x = % + %cos(?x), sin? z = % — %cos(?x)
sinz cosy = %sin(w—y) + %sin(w+y)

COS T COS Y = %cos(:c —y)+ %COS(I‘ +y)
sinzsiny = %cos(m —y) — %cos(:lz + )
cosS x = icos(?)x) + %COS x, sind 2 = —% sin(3z) + %Sinx

2

cos“ rsinx = 211 sin(3z) + 21[ sin cos z sin’

xr = —711 cos(3z) + zlicosa:
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Expand the nonlinear term:

sin(vey) ~ vey - ¢ (Vey)d +0(3),

so the ODE is 2
pre +36y Gey ~ 0.

Introduce a new time scale by 7 = (1 4 ewq)t, so that

d d  d? 9y, d?
a—(lﬁ-EW]_)E, w—(l+2€&)1+0(6 ))F

Thus the problem becomes

d2 2

d“y _ dy .\
e 2+36y+26w1d——66y ~ 0, y(0) =0, (1+ew1)5(0)—6.

Now let y ~ yg + €y1 and group terms of the same order:

d? d
eV : ar % 4 36yg =0,  yo(0) =0, yo ——(0)=6.
d? d? d d
1 yl Y0 3 Y1 Yo
€ d + 36y1 W1 d7'2 + 690 ) Y1 (0) 07 dr ( ) w1 dr ( )

The € term is quickly seen to be
yo = sin(67),

so the €' equation is

d*y1

o + 36y1 = +72w sin(67) + 6sin®(67)

= 72w sin(67) — g sin(187) + g sin(67).

To avoid a secular term we must take 72w + % =0, or

_ 1
wi=— g
Now the €' problem is
dy1 3. _ dyr . 1 dyo,., 3
gy + 36y = ~3 sin(187), y1(0) =0, 4 (0) = 6 dr (0) = 3
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Look for a particular solution y, = Asin(187):

2

A yp 2 3 .
72 + 36yp = (—18° + 36)yp = ~3 sin(187),
or
Ao H2 1
©18(—18+2)  192°
Then

1
y1 = c1 cos(67) + co sin(67) + 192 sin(187),

whence, from the initial conditions, 0 = ¢; and

3 _ 6co + 18 _ 6co + 3
8 2T 192 T3
so that
cy =3 (1 _ i) _3
*T6\8 32) 64
So, finally,
: 3 . 1 .
y(t) ~ sin(67) + ¢ [6_4 sin(67) + 103 sin(187)
where

T=1t— —1t.
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