Math. 401 (Fulling) 27 February 2009

Test A — Solutions

“Up to [a certain order|” means “stop right before calculating the term of that order.”
“Up through [a certain order]” means “do calculate a term of that order.”

Calculators may be used for simple arithmetic operations only!

1. (32 pts.) Find approximations to all the roots of
ex3+(1+26)x2+ex—9:0 (e —0)

up through order el
First try regular perturbation theory: = ~ xqg + ex;.
Oze(mog+'~')+(1+26)(m02+26x0x1+~'-)+e(m0—|—~~)—9
= x02 -9+ 6(x03 + 23:02 + 2exor1 + 0) + 0(62) .

O(): 2 =9 = z9=+3.
O(el): First let’s cancel an xg: 2702 + 2x9 + 1= —2x1. Thus

1 =—-3(9+6+1)=-5F3.
So we have found two roots,
r~3—8 and x~ —3— 2.
To get the remaining root, try singular perturbation theory. Balance the 23 term against the first

term without an e: ez’ ~ 22 = z ~ e !. Therefore, let

The equation becomes

_3 _2
142

m_2 + (—i_i;)m +7-9=0,

€ €

or

T+ T 42T + T — 962 = 0.

Now T ~ Tg + €x1 implies

0 =Z¢° + 3eTGCT1 + To- + 2€ToT1 + 2eT> + O(e?) .

0(60): 503 +fo2 =0 = z9g=-1.
O(eh):  0=3TPT1 + 2ToT1 + 2T> = 3T, — 21 +2 = T1 = —2. Thus

1
T~—1—-2¢ = o~———2.
€

Check: If you plug the three roots into the equation, you will find that the two-term approximation
to the singular root satisfies the equation up to terms of order e (that is, terms of orders e~ 2 and
et cancel), and the two regular cases satisfy the equation up to terms of order 2. This is exactly
the degree of accuracy we should expect.



401A-S09 Page 2

2. (15 pts.) Pronounce each of the following assertions true or false, and write something to
explain your judgment.

62
(a) m = 0(6) as € — 0.

2, so the ratio on the left does not approach 0.

False. For small ¢ the denominator behaves like %e
(b) Inz=o(z) asz— +oo.
True. Look at ln_x By I’Hopital’s rule, it approaches 0, as required by the definition of o.
x

(c) 81—26 = O(eo) i.e., is bounded] ase— 0.

True. The left-hand side approaches 1, so it is bounded near € = 0.

3. (40 pts.) Find a two-term solution (up through order €) by the distorted-time method:

d?y 3
— 2 44y + ey’ =0, 0)=1,
ozt tey y(0)

dy

Z(0)=0  (e—0).

You may find some of the formulas on the back side helpful.
Let y ~ yo + €y1, and

d 2.\ d
T + ewit = T ( +ewi + O(e ))dT
Make the time substitution first:
d2
0~ (1+ ew1)2d—7_:g + 4y + ey
d*y d*y 3
~ a2 + 2ewq ) + 4y + ey .
Now the y substitution:
dyo | d*n d*yo 3
0~ F +Ep + 2ewq W + 4yg + 4deyr + €yo
d%yo d?y d*yo 3
= — +4 —= 44 2w1 —5 .
) +4yo + ¢ P + 4y1 + 2wy g2 + Yo

And, finally, transform the initial conditions:

1~ y0(0) + ey1(0),

d d d d d
0~ (1 +ewr) [ﬂ +eﬂ] ~ B0 gy L [ () +w1ﬂ(0)] .

dr dr dr dr dr
d? d
O(): Fygo*-‘lyozoa yo(0) =1, %20-

Thus yo(7) = cos(27).
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2 2
0(61)2 d Y1 _ d Yo 3

= 8wy cos(27) — cos®(27)

= 8w cos(27) — % cos(67) — % cos(27) .

The cos(27) term is resonant, so to remove it we require 8wj — % = 0, or w; = 3/32. The initial
conditions in this order are

0. W20y = _ WOy =
y1(0) =0, p (0) = —w1 o7 (0)=0.

The nonresonant forcing term remains, so we will have a nontrivial y1p, of the form

2
y1(7) = Acos(67) 4 Bsin(67) = % = —36A cos(67) — 36 B sin(67).
T

Thus
d2y1 .
oy +4y1 = —32Acos(67) — 32Bsin(67)

must be required to equal —% cos(67), so

To get the complete y;, add a solution of the homogeneous equation:

1
y1(7) = 198 cos(67) + ¢1 cos(27) + co sin(27) .

The initial conditions then require

Thus, finally,

€ 3€
y ~ cos(27) + m[cos(fﬁ-) —cos(27)] where T~ (1 + 3—2) t.

4. (18 pts.) Describe in words (and a few symbols) how you would attack these equations.
(For full credit you must do more than just give the method a name, but you won’t have
time to carry out extensive calculations.)

[“Doing more” constitutes an “essay question” and hence is not included in the answer key.]

2
(a) % +e 2ty =0
Use one of the variants of the WKB or Liouville-Green approximation.



401A-S09 Page 4

d2y dy 3
(b) W+4y+€<a) =0

Make a two-time ansatz (because of the damping caused by the first-derivative term).

. 3 2P ) 2zt
Slanx_§+E+”" coszx ~ —i—f—j—l—
-1 —1)(p—2
(1+$)pN1+px+p(p2 ) 2, P 3)'(19 )
Coszx:%—i-%cos(%s), sin2x:%—%cos(2x)
sin:z:cosy:%sm(aj—y)—i—%sin(:ﬂ—i—y)
COS T COS Y = %cos(a: —y)+ %cos(aj +y)
sinxsiny = %Cos(x —y) — %Cos(x + )

cosd z = i cos(3x) + % cos z, sin® z = —i sin(3x) + % sin z

cos® xsinx = lef sin(3z) + zle sin z, cos zsin? x = —lef cos(3z) + lef cos T



