MATH 470 Homework 3 Solutions

1. If @ andb are integers such thab = 0 (modp) wherep is a prime, show that either = 0
(modp) orb =0 (modp). Hence show that the only solutionsitd = 1 (modp) for an odd
primep arex = +1 (modp).

For the first part sinceb = 0 (modp), p|ab and hence that eithefa (so thate = 0 (modp))

or p|b. (sothath = 0 (modp)). [This last statement follows from the Euclidean Algbnit: If

a is not equivalent t® (modp) then sincep is prime gcdp, a)= 1 and so there are integers
andy with ax + py = 1. But thenaxb + pyb = abz + pyb = b. Now sincep dividesab (we

are giverub = 0 (modp)) andp dividespyb it must divideb - thatisb = 0 (modp)]

For the second part;? = 1 (modp) gives(z — 1)(z +1) = 0 (modp) and so from part one
that eitherr — 1 orxz +1=0 (modp). Thusz = +1 (modp).

What if p is not a prime? If the modulus &then it is easily seen that the solutionsifo= 1
(mod8) arex = +1 = = +3. Thus the result fails for non-prime moduli.

2. What are the last two digits aR34562

We want to know the remainder after we divide this number b@.10rhat is, calculate
123%%6 (mod100). Now ¢(100) = 100(1 — 3)(1 — &) = 40. Also, 456 = 16 (mod40), so
by Euler's theorem we must compute3'® (mod100). Now, this immediately simplifies to
2316 (mod100). Further, taking all values mod 10@3' = 23, 23% = 29, 23* = (29)? = 41,
23% = (41)2 =81 = (—19), 2316 = (-19)% = 61. Thus the last two digits are 61.

3. Use the Chinese Remainder theorem to solve the systermsgifuences:
a. Findzmod 77 if =2 (mod7) and z =4 (mod11).

Note gcd(7,11) = 1. Thus there exists integers such thatrs + 11t = 1 - and these are
computed from the Euclidean algorithm as= —3, t = 2. The solution is now given by
r=4.75+211.t =4.7.(=3) 4+ 2.11.2 = —40 = 37 (mod77).

b. x =2 (mod3), x=3(mod4), z=1(mod5).

We use the alternative method here just for something éiffier The first equation gives
x = 2 + 3s for some integes. Now the second gives+ 3s = 3 (mod4) or3s = 1 (mod4).
solving this, gives = 3 and sar = 11 (mod12)). But thenz = 11 4 12¢ and so putting this
into the last equation giveR¢ + 11 = 1 (mod5), or 12t = —10 = 0 (modb5). Thust = 0
and so the final solution is = 11 (mod60).

4. An old woman goes to market and a horse steps on her basketashes the eggs. The rider
offers to pay for the damages and asks her how many eggs sherdnaght. She does not
remember the exact number, but when she had taken them oat smime, there was one egg
left. The same happened when she picked them out threefif@jrand six at a time, but when
she took them seven at a time they came out even. What is tHeestmaimber of eggs she
could have had?

Use the Chinese Remainder theorem to solve the puzzle byngvdbwn the elements of the
riddle as a sequence of congruences and then solving thensys



The conditions described amount to the following systemarnfgguences: x = 1 (mod?2),
x=1(mod3),z =1 (mod4),z =1 (mod5), x =1 (mod6) andz = 0 (mod?7).
It is tempting to just apply the Chinese Remainder Theoremcty, but we cannot do this:
a requirement is that each moduti; satisfy gcdm;, m;) = 1 and that is not the case here.
The moduli2, 3, 4, 6 are the problems. Note thatif = o (mod2n) then it is certainly
so thatr = a (modn). Thus the two congruencesz = 1 (mod2) andz = 1 (mod3)
are subsumed by = 1 (mod6). Can we combine this with the one mod 4? Certainly one
solution would ber = 1 (mod24), but is this theast answer? We again cannot apply CRT
since gcd4,6) = 2 > 1. A little thought should convince that we should solve tlaigdr pair
(mod12) instead, and there is the obvious solutios: 1 (mod12). Another way to view this
is as follows. We note thatx = 1 (mod2) is implied byz = 1 (mod6) so we can neglect
the first of these. We can use CRT to combine those with modarid34 since ga@,4) = 1.
It is easy to see the solutionis= 1 (mod12). But this equation also implies the congruence
x =1 (mod6) and so we may replace all four congruences by the singtel (mod12).
With this preamble, we are now left with the three congrusrtbat do satisfy the conditions
of CRT:

x =1 (mod5) =0 (mod7) x =1 (mod12)

Applying the CRT we construct the solutien= 301 (mod420) giving the answerz = 301.

This puzzle appears iBrahma-Sphuta-Siddhanta (Brahma’s Correct System) by Brah-
magupta (born 598 AD):

. Use Euler’s Theorem to calculatg&*°%” (mod 30)

We calculatep(30) = 8 from ¢(30) = 30(1 — 5)(1 — 3)(1 — #). Then Euler's theorem
gives a®?% = 1 (mod30). We then havel567 = 7 (mod8) and so17%°7 (mod30)
reduces tal7” (mod30). Then17” (mod30) = 2893.17 (mod30) = 193.17 (mod30) =
—113.17 (mod30) = —121.11.17 (mod30) = —1.11.17 (mod30) = —1.187 (mod30) =
—7 (mod30) = 23 (mod30).

. Compute3*>%” (mod 89)

Since 89 is prime we haw®® = 1 (mod89) and sincet567 = 79 (mod88), we thus must
now compute3™ (mod89). Now 79 = 64 + 8 + 4 + 2 + 1. Also, taking all congruences
mod 89, we have3! = 3, 32 =9, 3* =381, 3% =812 = (-8)? = 64, 36 =642 =
(—25)2 = 625 = 2, 332 =22 =4, 354 =42 = 16. Thus3™ = 16.64.81.9.3 (mod89). Or,
37 = 16.(—25).(—8).9.3 = 3200.27 = 85.27 = —4.27 (mod89). Simplifying, we obtain
34567 = 70 (modg9).



