Math. 412 11 December 2007
Final Examination — Solutions

Calculators may be used for simple arithmetic operations only!

SOME POSSIBLY USEFUL INFORMATION

Laplacian operator in spherical coordinates ( # = polar angle, ¢ = azimuthal angle ):

9 1 0 [ 90u 1 0 /(.  Ou 1 9%
Viu==5 —(r? = — (sinf=— |+ —5— —.
! 2 (T ) " r2sing 06 - * r2sin? 6 8¢2

Spherical harmonics satisfy

1 9 B, 1 92
— (sinf = | + —— —5 | YI""(0, ¢) = —1(1 + 1)Y"(0, ¢).
[sin@ 06 (Sln 69)+Sin20 a(bQ] l ( 7¢) ( + ) l ( 7¢)

Legendre’s equation:

1 d (. ,dO . :
0 30 (smG @) +1(l+1)© =0 has a nice solution Pj(cos#).

Bessel’s equation:

027 107 ( n2
2

52 + P +(1- z_> Z =0 has solutions Jp(z) and Yp(2).

0*°Z 202 (1_z(z+1)

221373 5 )Z:O has solutions j;(z) and y;(z) .
2 z 0z

z

1. (30 pts.) Classify each of these equations as linear homogeneous, linear nonhomogeneous,
or nonlinear; also, classify it as elliptic, parabolic, or hyperbolic.

(a) V2 = —w?u (w = constant ).
Linear homogeneous, elliptic.
d%u
(b) =’
Ox Oy
Nonlinear, hyperbolic. (The second-derivative terms transform to % = % )
ou 82u ou 2 2
¢ — =—5+2—+(s"+2%)u.

Linear homogeneous, parabolic.
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2. (Essay — 10 pts.) Pick one of the three classes — elliptic, parabolic, or hyperbolic — and
describe some of the properties specific to solutions of equations of that type.

[See the last section of the class notes, or the solutions to the Fall 2000 final exam (question 6). Note
that the maximum principle in its strong form does not apply without additional conditions on the
equation.|

3. (40 pts.) Solve Laplace’s equation in a rectangle,

0%u 9%
s+ —5=0 (0<z<L,0<y<m),
0x2  Oy? ( Y )
0 0
a—Z(:z:,O) =0 a_Z<"”’”) = f(z), u(0,y)=g(y), w(L,y)=0.
Let’s write the solution as u = u1 + u2 , where
duy _ _ Ouz _ -
8—y(l‘,7f)—f($), ul(ovy)_ov ay (37,71')—0, u2(07y)_g(y)7

and all the other homogeneous conditions remain the same.
Separating variables for u; leads to modes of the type sin(nwz/L)Y (y) where Y = +(nx/L)?Y
and Y'(0) =0, so Y(y)  cosh(nmy/L) . So

ur(z,y) = Tibn sin <?) cosh <%) .
flx) = ibn (%) sin <n_}rjm> sinh (%7?2) .

L
2 L nmwx
bp = = ——m——— sin(—)fa:dm.
"L nwsinh("T”Q) /0 L @)

For the other problem we have modes of the type cos(ny)X (z) where X” = +n?X and X (L) =
0. Thus X(x) x sinh(n(L — .7:)) if n#0,and X(z) x L —z if n =0. Therefore,

We need

Therefore,

oo
ug(z,y) = Z an, cos(ny) sinh(n(L - x)) +ao(L — x).

n=1

We need -

g(y) = Z an cos(ny) sinh(nL) + ag L.
n=1
Therefore,
1 ™
= d
a=— [ g(y)dy

and for other n
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4. (40 pts.) Consider the heat equation

ou  0%u du
5 = O<e<D),  w0)=0, —(Lt)=—Fu(L1)

(a) Solve the problem with initial data u(x,0) = f(x). Assume that § > 0 and that all
the eigenvalues that arise are positive.

After extracting the time dependence we have the eigenvalue problem
X" =-w’X, X(0)=0, X'(L)=-8X(L).

The solutions must be of the form X, (z) = sin(wnpx) with wpcos(wpL) = —Fsin(wnpL). The
eigenvalue condition is best written as

tan(wpL) = — % .

Sketch both sides of the equation and pick out the intersections (see Haberman, Fig. 5.8.1).
So, assuming the numbers w;, known, we construct the solution

[ee]
u(z, t) = Z chn(a:)e_w“Qt
n=1
and calculate the coefficients
Jy Xn(@)f(x) da
Cn = 7 .
Jo Xn(z)? dx

The normalization integral can be evaluated:

L .
3 I sin(2wn L) .

L 1 L
sin(wnz)? do = = [1 — cos(2wnx)|dx =
0 2 0

(b) Prove that if 5> 0, then all the eigenvalues are indeed positive.

There are several good arguments.

Proof 1: Since 0 < wiL < m, Xi(x) = sin(wix) has no nodes inside the interval. (Contrast
Haberman Fig. 5.4.4 for the case 8 < —1/L.) Therefore, by the general Sturm-Liouville theorem,
wi? is the smallest eigenvalue.

Proof 2 (brute force): Let’s look for a negative eigenvalue: Try to solve

X" =+r’X, X(0)=0, X'(L)=-8X(L).

We must have Xp(z) = sinh(knx) with

tanh(kpL) = — %7“ .
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It is easy to see that the latter equation has no nonzero solutions. Similarly, one can show that 0 is
not an eigenvalue.
Proof 3 (Rayleigh quotient): Multiply the ODE, X” = —AX , by X and integrate:

/OL X(2)X" (z) do = —A/OL X(z)? dx.

Integrate the left-hand side by parts, using the boundary conditions:

L L
—/ X'(z)*de + X(L)X' (L) — X(0)X'(0) = —/ X'(z)*de — BX(L)*.
0 0

We end up with
L L
)\/ X(;:;)de:/ X' (z)% dx + BX(L)?,
0 0

where every factor is obviously positive if (3 is positive. Therefore, A must be positive.

9. (40 pts.)
(a) Using Fourier series, solve the wave equation on a circle (periodic boundary conditions),
9%u  8%u ou

— =—- for —w<ax<m, u(x,0) = f(z), E(ﬂ:,ﬂ):g(l’)-

The simplest version of the solution uses complex exponentials for the = dependence and trig func-
tions for the ¢ dependence:

u(z,t) = Z €™ [ay, cos(nt) + by sin(nt)] .

n=—oo

There is one complication: When n = 0, sin(nt) must be replaced by ¢. (We ran into a similar
situation in Qu. 3 above.) Now

[e e}
f(z) = Z e ap g(x) = Z by, + by -
n=-—00 n#0
Thus
an = L ’ eimmf(x) dx bo = 1 ’ g(z)dx by, = b i eiinmg(x) dx
n o . s 0 o . ) n o . .
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(b) Rearrange your solution to show that it has the structure you would expect from

d’Alembert’s principle. (If you had trouble with (a), solve the problem directly by
d’Alembert’s method.)

. int —int int _ _—int
uz,t) =y e {an e b, ST | g+ bot

2 2
n#0
= fene™ T 4 dpem @I 4 o (ao tag)+ 20 @+t = (z—1)]
n#0

for some coefficients ¢, and dn . This verifies that the solution is a sum of left-moving and right-
moving waves. With more effort (not required) one could show that it has precisely the d’Alembert
form,

T+t
u(z,t) = %[f(x—t)+f(at+t)]+%/t 9(z)dz

where f and ¢ are the 2m-periodic extensions of the original data functions (the sums of their
Fourier series constructed in (a)).

6. (40 pts.) We will work in the interior of a sphere of radius a , using “physicists’ notation” —
that is, (7,0, ¢) instead of Haberman’s (p, ¢, 0) . (Feel free to skip separation-of-variables
steps if you know the outcome in advance.)

(a) Honors: Solve the heat equation,

V2u:% for r<a, t>0, u(a,0,¢,t) =0, u(r,0,¢,0)=G(r,0,¢).

Use the spherical Bessel function that is regular at the origin.

l

(r,0,,t) Z Z Zczmﬂz wi;T) (9a¢>)67wlm2t7

=0 m=—1[75=1

where jj(w;ja) =0 and

foa r2 dr foﬂ sin 6 df fo% de 5y (wi;r)Y"™ (0, 0)" G (1,0, ¢)
Jo r2dr ji(wijr)? '

Clmj =

Regular: Solve Laplace’s equation,

V2u=0 for r<a, u(a,0,¢) = F(0,9).

u(r,0,¢) = Z Z cmr' Y™ (60, 6)

=0 m=—1

where

g 27
Cim :al/ sin9d9/ do Y™ (0,0) F(0, ).
0 0
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(b) Express your solution to (a) in Green-function form. (Don’t expect to be able to
evaluate the sums or integrals that arise.)

Regular case: Rewrite
™ 27
Clm = al/ sin 6’ de’/ de' Y0, 6" F(0,¢) .
0 0
Substitute into the solution and pull the integrals outside the sums:
i 27
u(r, 0, ) = / sin ' do’ / ¢’ G(r,0,0,0',¢")F(6',¢)
0 0
with
00 l I
r *
Gr0,6,0,6) =3 > (L) W 0.8

a
=0 m=—1

The honors case is similar, but with triple sums and integrals.



